CHAPTER 7
Integration Techniques, L’Hoépital’s Rule, and Improper Integrals

Section 7.1  Basic Integration Rules
Solutions to Odd-Numbered Exercises

1. (a) %[2,&1 +1+(= 2(%)(:(2 + 1)712(2) = \/%
4 =L -1/ £ X
®) dx[Jx2+1+c] S0+ 1) lz(zx)"Jle
0 G-l i
d %
(d) E[ln(x2+1)-&~(:]—x2+1
J. fo—-f-l dx matches (b).
3. @ d%[ln‘/xz F1+(q= %(ﬁ) -
4| X _ (2 +1)%2) — (20(2)2 + 1)(2x) _ 2(1 - 353
® dx[(xz T2t C] o @+ 1) = @T
d __
(c) a[arctanx +C]= T3 2
(d) de{ln(x? +1)+C]= xzzj I
J 2 i 1 dx matches (c).
5. f(ax —2)¢dx . J———-l—-dx 9, J ¥
V{1 - 2/3) J1=F
u=3%-2,du=3de,n=4 ‘ u=1—2\/-du=—Ld_x a=tde=4df a=1
) \/‘; d
Use Ju" du. . Usej 2u -
Use Tu a”—u

11. jt sin 2 dt 13. J cos xe%n¥ dy

u=1t%du=72tdt u = sinx, du = cos x dx

Use Jsin udu. Use J e du.
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/

. Le[u=“21+5du—'_2dx

1
I (-2 + P2 dx = —EJ(—Qx + 5)¥2(=2) dx

1
= —5(-2%+5p2+ ¢

19. Letu =10 — 1,du= 32 de.
jﬁé/ﬁ —1dt= %J(r’ - )3(3A) dt
_l@ -1
=3"ap +C
- 1)4/3
el 41) +C

23, Letu=—08+9+ 1,du=(-32+9)dr = -3(2 - 3)d

17. letu=z — 4,du = dz

e e S
-5
“ae-aC

21. j[v % '(W]—_l')?] dv = jvdv + I(sv - 1)-3(3)dv

| P —
2" T 6(3v — 1)

I et DR | | b T LR
t3+9t+1d J.t3+9:+1dr“-§lnl_‘ +9r+1|+C

2 - _L_
25. jx_ldx—J(x+1)¢+jx_ldx

=%x2+x+lnlx—1|+c

27. Letu =1 + ¢5,du = *dx.

f € g=In{l+e)+C

1+ ¢

29, J(l+2x2)2dx=j(4x‘+4x2+1)dx=%x’+%x3+x+c=%(12x“+20x2+15)+C

31. Letu = 2922, du = 4mx dx.
J’x(cos 2md) dx = ﬁ J' (cos 2m)(dm ) d

= —l-sin 2mx2+ C
471

33, Letu = mx,du = mwdx.

Icsc(m) cot(7rx) dx =-—:_r csc(mx) cot{mx)m dx = —-1-17 ese(m) + C

35, Letu = 5x,du = Sdx.

Jéde - %je"(S) dr=3e%+ C

37. Letu=1+ e* du = e*dx.

[Fere-2ll=wlE)

=2

)+ C

e
1+
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Fﬁ‘-dx— Zf(lnx);l-dx= 2('“7")2+c= (nx)?+cC

41. J-I:O—:l:xdx = J’(secx + tan x) dx = In|sec x + tanx| + In|sec x| + C = In|sec x(sec x + tanx)| + C

43 1 _ 1 JCosf+1 cosf+1 cosf+1
) cos@—1 cos@—1 cosO+1 cos2f—1 —sin? @

]

—csc O+ cot @ — csc? @

f—-—l-—de = I(—csc Ocot 6 — csc? 6) do

csc@+cotf+C

G e s

1 cos 0
sind sin@ L
' _ 1 +' cos @ +C
| sin @
: 42, 3 dz y .
' 45. z; 22+9dz+2fzz+9 47, letu =2t — 1,du =2 dt.
| -1 1 2
i =3 2 z —_— = ——f—dt
f- —Eln(z2+9)+§arctan(§)+c f 1—(2r-1)z 2} JT—@r— 1P
: e arcsin(2t — 1) + C
i 2
49. Letu = oos(%), du = “%52/%.
tan(2/t) 1 [2 sin(2/t)] ~
cos(2/t) IS
1 2
== =) +
2 In cos(t)l C
51 ;dx—3j—-*l—dx=3arcsin(x_3)+c
B Il IV ey e 3
a - 1 -t L(W)] _1 (2x i 1)
Sth I4x2+4x+ T J’[x-!- EF16 %= 4‘““‘”‘[ g ()T o e R
[ ds ' 1
5. 2 = -
- s i-F=l)
(a) i ) u=12du=2tdt
,\\\\\w-l abmssssesratr P 7 ]
e e t 1 2t 1 .
E —_—gt =~ | ——=—=dt = zarcsint? + C
g J.\/l—t“ 2J.\/1—(1:22 2
| 0.8
E 1 1 1 : .
;f (0,—5). —5—-2-arcsm0+C=> C= 2 . :
::_7 -12 1.2
i s= %arcsin 12— % \\__.//
-‘"; -08
i
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57.

———————
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L)
b
5
L]
5
A
AR AR
A AR
R
R

dy _ sec’x

6l & = T+ anix

Let u = tan x, du = sec? x dx.

[ sec*x _1 tan x
y j—4+m2xdx—2mctm( )+C

65. Letu = —x%, du = —2xdx.

1 2 1 1
Jxe_‘dx = —lj e-"’(—2x) dx = [—}-e_‘;]
o 2Jo 2" o

Al = gy
5(1 = &) ~ 0316

69. Letu = 3x,du = 3 dx.

2//3 1 1 2//3 3
dx = i
L 4 + 9x2 3 J 4 + (3x)?

- [smer3)],

T
=18 0.175

1 -2
[ T L P = — + i,
73. fl e ede tan 6 — sec @ C(or1 o (9/2))

The antiderivatives are vertical translations of each other.

=,
7

[
[
[
[
| 2
[
I
1

(S

77. Log Rule: j%u =Infu| + CGu=x2+1.

59.y=J(l+e’)2dx=J.(e7-‘+2e'+l)dx

=-?l:e7-‘+28‘+x+C

63, Letu = 2x,du = 2dx.

wl4 n/4
I cos2xdx ==| cos2x(2)dx
0 0
n/4 1
= [— sin Zx]o =5
67. Letu = x2 + 9,du = 2x dx.
4o
o VX2 +9
4
=[2vEws) -

1 x+2
| ————dx=5 +
L, fﬁ+4x+13d’ 3”“3‘"( 3 ) .

The antiderivatives are vertical translations of each other.

—7-‘_'_-‘/ 5

-1

i
75. Power Rule: jwdu— ""+ -+ Cn L.
u=x2+1,n=3

79. The are equivalent because

et =¥ 0= Ce*, C = €5
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54  Chapter 7 Integration Techniques, L'Hépital's Rule, and Improper Integrals

81. sinx + cosx = asin(x + b)
sinx + cosx = asinxcos b + acosxsinb
sinx + cosx = {acos b) sinx + (asinb) cos x
Equate coeflicients of like terms to obtain the following.
=acosbhb and 1 =asind

Thus, @ = 1/cos b. Now, substitute fora in 1 = a sin b.

1\,
1= (cos b)sm b

1= P
tanb = b 4

: T N : ‘”
Since b = ke cos(n/4) V2. Thus, sinx + cosx = ﬁsm(x + Z)

jsinx iImsx - JJE sin(;ti- /) “%J‘c“(" * %r) i '% & °S°(‘ * %) i ':"‘(Jr 5 %)l 8

2
4x i i
83.J;xz+ldr-=3 85, Letu =1 -3 du = —2xdx. 87. L (x—ax:)d,=[§'xz_§_ ]0
Matches (a). A md lx =1 |
° “ &
1
= e (l_x2l/2_2Idx 1-2 1
J; =2 lﬂg‘;—g.lla2=3.a=§.
=3 — el _4
—[ E{l x)312]0_3 1[

89. (a) Shell Method:
Letu = —22, du = —2xdx.

(b) Shell Method:

b
1 V= 21rf xe™* dr
V= 211-] xe~ & A
»
= [—m"l‘]
0

0

=- fo le"'(—zn.r) dx

4
'\ o —eF) =2
[-mee] BRI
g e_b; - 37— 4
=a(l — e~1) = 1,986 37
37w
b= ol
In(31r- 4)
= 0.743
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4
. __5_ = o X4 - 4
9. A = jo mdx = [5 arcsmg]0 =35 arcsing
= L 5 '
3 AJ;I(\/ZS—ﬁ)dx'
=_l—_§ 42 2 -1/2
5 arcsin(4/5)\ 2 0(5_').‘) (=2x) dx

l 4
= W(— 5)[(25 - x2)1/z]0

1
B _arcsin(4/5) [3-3]

2

ERE= m*ll?]

93. y = tan(mx)
y' = 7sec(mx)

1+ ()2 =1+ mw2seci(mx)

1/4
s= I V1 + 7% sec?(mx) dx
0
== 1.0320

Section 7.2  Integration by Parts

d,. 4 i
1. E[smx — xcosx] = cosx — (—xsinx + cosx) = xsinx. Matches (b)

3. d%[xze* — 2xe% + 2¢%] = 225 + 2xe® — 2xe" — 2¢* + 2¢* = x%". Matches (¢)

5. Jxez"dx : 7. j(ln x)2dx
u=(Inx)%dv =dx

u=xdv=exdx

1
.dv=e2dx = v= J'e—hdx = __Ee—Zx

=X = du =dx

1 1 =
—2x T, =2
fxe dx er j 2e ' dx

I

I

1 1 _ & =]
-Exe‘z"—ze,"’-'+c—zz,j;(2x+1)+c

9, Jx sec? x dx

u=xdv=sec?xdx
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