312  Chapter 7 Integration Techniques, L'Hépital’s Rule, and Improper Integrals

2
88. J’ 29rx? dx
0

(a) Let f(x) = 2mx? over the (b) Let f(x) = +/2x over the (c) Letf(x) = x over the interval
interval [0, 2]. interval [0, 2]. Revolve this [0, 2]. Revolve this region
region about the x-axis. about the y-axis.
2
A= f (27x?) dx 5 Jz
v=2 d)
0 Vs ‘”J’ (V29 ds ™ 0Jr(x) x
y 0 2
2
= | 2wxtdx
- f 212 dx L "
0

T |f=x

9. (@) ———— "/"siﬁ(»ax)dx—l m'( )()@bf‘[‘l ( )]ﬁn_g
. (m/n) = 0 J,  Jo sininx)(n) dx = [ ——cos{ax) | 2
1 % 1 B
®) 3= (=3) J—al +x2dx = I:Garu::t:mx]_3 = 3"11'c1::a:13
92. y=2Ux 9. y = x2/3
:_L P == 2
y _\/; y T 3,0n
1 x+1 ;
I+(yl)2= +;= 3 1+(y)2=]+ﬁ
s=2 ng,/x“;;i Y R PO S
= Wo * X ol 1 9}[2/3 e
9
=27rj2\/x+1dx
(1]

- oS 0]

= %”—f(lom — 1) =~ 256.545

Section 7.2  Integration by Parts

2. d%[xzsinx-i- 2xcosx — 2sinx] = x2cos x + 2xsinx — 2xsinx + 2 cos x — 2 cos x = x* cosx. Matches (d)
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Section 7.2 Integration by Parts 313

d 1
4. a[“x +xlnx] = -1+ x(;) + In x = In x. Matches (a)

6. fxz eXdx 8. fln Ixdx 10. sz cos x dx
u=jx2,dv=e7-‘dx u=In3xdv =dx u = x2 dv = cos x dx
12.dv=e*dx = v= fe“dx = —eg7* 14. f—dt = —je'/'( )dt = —ellt 4+ C
= => du =dx

foacaeni

= 2[—xe“’,‘ - j—e‘* dx] = 2[~xe~* - e~¥]+C

=—-uxe*—2e"*+C
- X 1
16. dv =x‘dx = v=y 18. I.ztu=lnx,du=;dx.
=lhx = du—l —-1-—dx= (lnx)‘3(l)dx=;l—+c
¥ % x x(In x)? x 2(In x)?

x 1f.4
5hu: ij dx

1]

jx‘lnxdx Ess-lnx— f— —

—Es-lnx——- +C =2£(51nx—1)+C

5 2
20. 4 —-l-dx e =—1
- dv="3 = v s =
1
u=Inx =>du=;dx
lnx Inx 1 Inx 1
L P —dx=——--+C
xzdx x ¥ xzdx x x

1 % vl
22. dv = (x2+1)2dr=> v—j(ﬂ+l) 2xdx = — W+
u = x%* = du = (2% + 2xe¥) dx = 2xe”(x® + 1) dx
x%e” e Ll c

xer x2e” RO e _ &
(x2+1)2d"=_2(12+1)+j’“"2d"_ wein T2t n

1 P |
A, dv=dx = v=j;dx——;

o 1 =>du=%dx

J’ln(zx) @ (1, b@Y) 1, . _hn@)+1
x? x x2 x x x
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314  Chapter 7  Integration Techniques, L'Hépital’s Rule, and Improper Integrals

1 2
. = —dx = =172 4, = 2
26. dv T = j(z + 3x)" Y24y 3\/2 + 3x

U=x = du=dx

x 2x/2 + 3x 2]
dx = -2 /2 ¥ 3xdx
f,/—z+3x 3 3 *

%2 F 4 V2 + Y
= ST 3 _ ﬁ(2 + 3x)%2 4 C=%[9x— 202 + 3x)] + C=%(Sx— 9+C

28. dv =sinxdx = v = —cosx

u=x = du = dx

fxsind.x= —XCOS X —j—cosxdx= —xcosx +sinx + C

30. Use integration by parts twice.

(1) u=x%du = 2xdx,dv = cosxdx,v = sinx (2) u = x,du = dx,dv =sinxdx,v= —cosx

jx’cos.xdx = x2sinx — Zstinxdx fxzcosxdx = x2sinx — 2[—xcosx + fcosxdx]

= x2sinx + 2xcosx — 2sinx + C

32. dv = secftanfdf = v = fsecotaned8= sec 34, dv =dx = v.= fdx =x

u=240 => du=do 1
u = arccosx = du = ~—1 2dx
Lt o

Jﬂswotm6d6= escCB—J‘sccedG .
4 | arccos x dx = 4| x arccos x + | ——dx

Jconsas = s+ [ s
= 4[xarccosx— V1 —xz] + C

= @sech — In|sech + tan§| + C

36. Use integration by parts twice.

() dv=e*dx = v=fe’dx=e’ @R)dv=e*dx = v=fgxdx=ez
u=cos2x = du= —2sin2xdx u = sin2x => du = 2 cos 2x dx

fe’costdx=e"cost+2]e‘sin2xdx=fcosh+2(ésin2x—2f€c082xdx)
5Je"costdx=e’cost+2e”sin2x
e* :
J’e”coshdx=?(cosb:+2sm2x)+c
. dv=dx = v=x

u=1nx=‘>du=%dt

y' =Inx

y=flnxdx=xlnx—fx(%)dx=xlnx—x+ C=x(-1+hx)+C

A
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Section 7.2 Integration by Parts 315

40. Use integration by parts twice,
M) dv=Sa—Tdi= v= f(x = 1)2de = 2 - 1y
u=x? = du = 2xdx

QD dv=(x-1)dx = v= j(x —1)324x = %(x - 1)¥2

u=x = du = dx
y= szJx - 1ldx
2 y2_ 4 3/2 2, 3/2 4[2 5/2 ZJ s ]
=232 — 12 = 2]z — =2 oo M2 - -2 (- 1)92d
3x2(x 1) 3J’x x 1)¥2dx 3 (x—1) 3 Sx(x 1) 5 (x-1)
=2 2 B sz 4 O 7/2 _1("__1)3.2 2 +8)+C
=3¥kE-1 50— )2+ e = 172+ € = S (15x2 + 12x + 8)

42. dv = dx = v=jdx=x

- x RIS Wheck ) TP NN i
e h e (x/::)z(z)‘i‘r T
y= arctan = dx = x arctan> — -—*zf—dx = xarctanZ — In(4 + x3) + C
2 2 4 + x2 2
) 18

44, (a) z (b) % = ¢~*/3 sin 2x, (0, —5)

SN N o

;' I bR y= JE—IIS sin 2x dx

Use integration by parts twice.

(1) u=sin2x, de=2cos2x
dv = e dx,v = —3e~ %3

Je"‘“ sin2xdx = —3e *sin 2x + J‘Ge"‘/3 cos 2x dx

(2) u=cosx, du= —2sin2x

dv = e—x/3 dx,v = _3e—x/3

e~ Bsin2xdx = —3e *3sin2x + 6[—33"‘/3 cos 2x — j6€"’f3 siandx] +C

37[6‘*/3 sin2xdx = —3e *3sin2x — 18e~*3cos2x + C

e~*3sin2xdx = %[—3::"/3 sin 2x — 18e~*% cos 2x] +C

(0_—18):'—‘8=i[o—13]+c=>c=0

Y= ;_;[3(’/3 sin 2x + 18e~*/3 cos 2x]
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316 Chapter 7  Integration Techniques, L'Hépital’s Rule, and Improper Integrals

c_ix=£ 2 - ;
46. ™ ysmx, y(0) =4 48. See Exercise 3.
1 1
sze‘dx= [x’e‘ — 2xe* + 2:#']0 =¢—2=0718
0
2
50. dv = sin2xdx = v=fsin2xdx=—-%c052x 52, dv = xdx = v=J-xdx=%
u=x => du = dx
= dx

u = arcsinx? = du = ——
J1-x

J’xsinlxdx-—*——]xcosbc +-l—fc052xdx

2 4 x

o
x arcsin x2 dx = = arcsin x% = f———-—-—-—-dx
,[ 2 V1 —xt

2

=-:lxcoslx + lsin?.m: +C
= irz—a\rcsinx2 + %(2)(1 -x)2+ ¢

2 4

1 %
=Z(sin2x — 2xcos2x) + C

[xz arcsinx? + /1 — x‘] +C

T - Y
Thus,f xsin 2xdx = [i—(sinzx — 2x cos 2x)] i ' ; ;
d ° Thus, f x arcsin x2dx = E[xz arcsinx? + /1 — x“]o
S 0 r

= Hm-2).

54. Use integration by parts twice.

(Ddv=e*v=—e u=cosx, du= fsinxdx !
]e"‘cosxir= —e"‘cosx—J’e"‘sinxdx

(2) dv=e*dx,v= —e ™™, u = sinx,du = cosxdx
fe“cosxdx = —e *cosx — [—e“ sinx + fe"‘cosxdx] :>‘ 2]e"cosxdx = e *sinx — e"*cosx
Thus,

z e *sinx — e~ *cos x |?
e *cosxdx = -
(V) 2 0

e’ [sin 2 — cos 2] + =
2 2

56. dv = dx = v=]dx=x
2x

s ; _
u=In(1 +x%) = du T+ 2

a2
J.]n(1+x1)dx=xln(l+x2)—f1 +x2£b£

=xln(1+.x2)—2J’[I—ﬁ]dx=xln(]+x2)—2x+2arc!anx+C

1 1
Thus,fln(l + x¥)dx = [xln(l +x2) - 2x + 2arctanx]0= In2-2 +-;—T.
0

3
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Section 7.2 Integration by Parts 317

58, u = x,du = dx,dv = sec’xdx,v = tan x

Hence,
" /4
x sec de=xtanx—J.tanxdx f xsec’ xdx = [xtanx+ln|cosx]]
0 0
™
= ( iy In —) -0
T 1,5
4 2
60. |x*e Zdx = x3(—-1-e‘2") - 3x2(-i—e'1‘) + Gx(—-l-e"-") -6 -l—e"-‘ +C
2 T\ 8 16
1 Alternate | u and its v’ and its
= _ge—h(,;xs +62+6x+3)+C signs derivatives | antiderivatives
+ x ek
- 1x2 _%e—u
+ 6x le-2
- 6 —ge ™
+ 0 e
62. J cos 2x dx = 13( sin 2x) - 3x2(—%cos Zx) + &(—% sin Zx) - G(Ecos Zx) +C
_1 3.5 Lo a3 Alternate | u and its v’ and its
2x3 > iaiid s 2 i 2 g gk ‘ signs derivatives | antiderivatives
-l-[4x351n2x+6x2c052x 6xsin2x — 3cos 2x] + C i » Go8 2
8 z : ”
— 3x 7 sin 2x
+ 6x —% cos 2x
- 6 —& sin2x
+ 0 ﬁ cos 2x.
2 8 16 Alternate | u and its v’ and its
— 7)3/2 o e N2 o _27/2+_ _29/2+C
64. J Xx = 2P3dx 5x2(x 2) 35x(x k) 315 e=2) signs derivatives | antiderivatives
A — 2)3/2
= %(x —2)5/%(35x2 + 40x + 32) + C * i G- 2)
3 ' - 2 2(x — 252
+ ) =0 — 22
7 0 |HG-2n
66. Answers will vary. 68. Yes. 70. No. Substitution. 72. No. Substitution.
See pages 488, 493. u=Inxdv=xdx

74. ja“ sin o da = #[-— (am)* cos ma + 4(am)? sin ma + 12(am)? cos wa — 24{am) sin ma — 24 cos ma] + C

128 16 64 ' 128
~ 14,381.0699

5 i 2 ' — g2)5/2 — )P /25 — 22
mjﬂm_fwﬂ=FﬂmﬁmmW$;Mrmmﬁ 22 | 625x(25 — ¥°) %W& L
0
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318 Chapter 7  Integration Techniques, L'Hépital’s Rule, and Improper Integrals

2
78. @) dv=V4+xdx = v= f(4 + x)\/2dx =§(4 + x)3/?

Uu=x => du = dx
3 2 a2 _ 2 32
x 4+xdx=§x(4+x)/-3 (4 + x)3/2dx

=@+ -durnic=2@+0-8) +C
3 15 15
Gu=4+x=>x=u—-4anddx = du

f:.\/4 +xd.r=f(u—4)u’/2du=f(u3/2_4ul/2)du
2 8 2
= =52 — 2,32 = =312 =
Sus R+ C 5% (Bu-—-20+cC

= 2+ 906+ - 200+ C= 2+ 00— 8) + C

80. (a) dv = V4 —xdx = v=J(4—x)'/2dx 82.n=0:fe‘dx=e"+c
e 373 0 T
=—-3@-x n=1:|xefdx=xe* — &+ C=xe* — |e*dx
u=x = du =dx

' _n=2:fxze‘dx=xze‘—-2xe"+2e"+c
f /4 —xdx = —%::(4 - xp/2 +§ f (4 — x)¥2dx
, . =x2e‘—2fxe‘dx
=St -opn-La-apnic
n=3:fx3e"dx=x38‘—3xzex + 6xe* — 6+ C

~ (@ - 5k + 24— )] + C
= xl¢ — 3J’xze“dx
= -2U-DrEe+ )+ C
15
n=4:fx4e"dx
B)u=4—x=>x=4—uyanddx = —du

= x%" — 43¢ + 120 — 24xe* + 24e* + C
fo4—xdx= —f(4— u)/u du

=x“e’—4J‘x3e'a‘x

By 1/2 _ ,3/2
f(4u u )du In general, J‘xnexdx = xfex — nfx"‘le"dx.

(See Exercise 86)

822
U + 5u5 +C
= -*lu”z(ZO -3+ C
15
2
= —-13(4 —x)¥220 - 34 - )]+ C

2
= —1—5'(4 - xP*(3x + 8) + C

| 84. dv=cosxdx = v=sinx 86. dv = e dy —» v=le’"
a

u=x" = du = nx""dx
] . =x" = du=nx"1gy
jx"cosxdx=x"sinx-n X"~ 1sin x dx
: nyax x"e™ n
Xe™ dx = - n—1_ ax
a 7 |* e dx
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Section 7.2 Integration by Parts

319

88. Use integration by parts twice.
1
(1) dv=edx = v=-_e () dv = e dx = v=%e‘"

u=cosbx = du= —bsinbx u = sinbx => du = b cos bx

fe‘“cos bxdx = C—E-CEE i Je'" sinbxdx = L + 2[6‘“ BT é J.e'Lr cos bxdx]
a a a a a a

_ e™cos bx i be™ sin bx

b2
> — —3 | e®cosbxdx
a a a

¢(a cos bx + b sin bx)
aZ

2
Therefore, (1 + %)fe’“ cos bxdx =

e™(a cos bx + b sin bx)
a? + b?

fe‘“cos bxdx = + C.

90. n = 2 (Use formula in Exercise 84.)

sz cosxdx = x2sinx — ZJx sin x dx (Use formula in Exercise 83.) (n = 1)

= x2sinx — 2[—xcosx + fcosxdx] = x2sinx + 2xcosx — 2sinx + C

92. n = 3,a = 2 (Use formula in Exercise 86 three times.)

2x
jﬁeh&—f—;-——fﬁekﬁ(n=3a—2)
_Xe  3[x%e™ 2:] e
== 2[ 2 fxe dr| (n=2,a=2)

2 2 2 2 2 2
L™ 3 3[xe = % j dx] K 3xle™ | 3xe B

2 2 4 e

¥ + = 2
2 "REdE ) Cl=La=2)

%(4;:3 62+ 6x—3) + C

™ ™
04, dv = e Pdx = v=—3e* 96, A = f xsinxdx = [—xcosx + sinx]o
o

=> du=dx = a (See Exercise 83.)

J xe P dx 3
3
= l([ 3xe"*/3] + 3[ e~ */3 dx)
9 0
1{-9 3
| (P TR -x/3 i
9( e [9e ]0) 1

\Dl»—-

-1 4
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320  Chapter 7 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

98. In Example 6, we showed that the centroid of an equivalent region was
(1, 7/8). By symmetry, the centroid of this region is (#/8, 1).

You can also solve this problem directly.

P T

1

1

A= f (%_r — arcsin x)dx = [%rx — xarcsinx — /1 — x2] (Example 3)
(1] 0

f __ = arcsm.t] dy = -;I

j (w/2) + '1rcsm.r[ ]
— — arcsin x =1

M,y
A
M, _
A

2 2
100. (a) Average = f (1.6tInt + 1)dr = [0.8:2 Int — 0.4 + :} =32(In2) — 02 = 2018
1 i
4 4
(b) Average = f (1.6tIn¢ + 1)dr = [o.smn: - 042 + 1]3 = 12.8(In4) — 7.2(In 3) — 1.8 =~ 8.035
3

102. c(r) = 30,000 + 500¢, r = 7%, 1, = 5
5

s
PJ. (30,000 + 500r)e =097 gy = 500[ (60 + e=097 gt
a 0

Letu = 60 + t,dv = e 0% gt, du = dt,v = —ge‘om’.

5 5
pis 500[[(60 + r)(w—@ wr)] + % f ¢=00 dt}
0 [\

s 5
= 500 [(60 + t)(——looe“’-o"’)} = [IO 00 ”‘”"J =~ $131,528.68
7 0 49 0

4 x2 2x 2 i &
104, x2cosmxdx = | =sinnx + = cos nx — — sin nx
e n n? n?

boves -
2 2
=g cosnm + ?cos(—m-r)

_4m

= ;; Ccos nr

iy { (47/n?), if niseven
—(4ar/n?), ifnis odd

_ (=1)aw

T,

106. For any integrable function, [ f(x) dx = C + [ f(x) dx, but this cannot be used to imply that C = 0.

/2

108. On [O,g],sinxs 1 = xsinx < x =>f xsinxdxsf xdx.
0 (1]

4
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Section 7.3 Trigonometric Integrals 321

110. f'(x) = cos/x,£(0) = 2

(a) It cannot be solved by integration. (b) You obtain the points

n | x, ¥n 3
oo |2 i
1 0.05 | 2.05
2 | 0.10 | 2.098755 b 4
3 | 0.15 | 2.146276
80 | 4.0 2.8403565

Section 7.3  Trigonometric Integrals

2. (a) y =secx => y’ = secxtanx = sinx sec?x. (b) y =cosx + secx = y’'= —sinx + secxtanx

Matches (iii) = —sinx + sec®>x sinx
= sinx(—1 + sec?x)
= sinx tan?x Matches (i)
(c) y=x—tanx + %ta.rﬁx => y’=1— sec?x + tan®x sec?x
= —tan?x + tan?x(1 + tan®x)
= tan*x Matches (iv)
(d y=3x+2sinxcos’x + 3sinxcosx =
y’ =3 + 2 cos x{cos® x) + 6 sin x cos? x(—sinx) + 3 cos?x — 3 sin? x
=3 + 2 cos*x — 6 cos?x(1 — cos?x) + 3 cos?x — 3(1 — cos?x)
= 8 cos*x Matches (ii)
4. Icos 3xsintxdx = jcos x(1 — sin? x)sin® x dx 6. Letu = cos x, du = —sinxdx.
= J(sin“x — sin® x)cos x dx Jsin3 xdx = jsin x(1 — cos?x) dx
=i“55—‘5_5i'$x+c =jcoszx(—sinx)dx+fsmxdx

gcos3x —cosx+ C

: Cain® gy = Lo
8.l£tu—sm3,du 3cos3dx.

3% 4, = 1( o -2£)
J’cos 3dx J(cos 3) 1 —sin 3 dx
= ETIE.AT R S
3j(1 sin’ 3)(3 cos 3)dx

_ -z_l-az)
—3(sm3 3sm3+C

= 3sin§— sin3§+ c
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