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Section 7.2

Integration by Parts S5

o
B R N Y
9. A= s /25 — 2 arcsm3]0=53ﬂ2$ing
16 5
oo L oL A N R
: Afox(m —xz')
1 s\ [* -
= —= — -1/
5arcsin(4/5)( 2)'[,(25 x%) 2(-21)dx

: 4
5 arcsin(4/5)(_5)[(25 - xa)llz]o

1
= “mem@sE =3

2
gy i

93, y = tan(wx)
y' = arsec(mx)

1+ (92=1+ m2sec’(mx)

1/4
s=f i e i
0

= 1.0320

Section 7.2  Integration by Parts

d.. £ ; 2
1. E[smx — xcosx] = cosx — (—xsinx + cosx) = xsinx. Matches (b)
3. %[x’e‘ — 2xe* + 2¢5] = 2" + 2xe* — 2xe* — 2e* + 2¢* = x%*. Matches (c)

7. J’ (In x)? dx

5. fxez"dx
= (Inx)%dv=dx

u=xdv=e*dx

IL dy = g2 g 25"y = fe""dx = _%e—Zx
u=x => du =dx
jm‘hdxz_lxe—u_ —le'z"dx

2 2

Lo loaicoZlartn+c
i 4 e 4e2”( )

9, fx sec? x dx

K =xdv=sec?xdx
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56 Chapter 7  Integration Techniques, L’Hépital's Rule, and Improper Integrals !

13. Use integration by parts three times.

(1) dv = e*dx = v=je’dx=e‘ (2) dv=e*dy = v=fe‘dx=e‘ (3) dv = efdx = v=fe*dx=ex

u=x =>du=3xdx u=x2 =5 du=2xdx u==x = du=dx

jx’e‘dx=x‘e' - 3fx’e'dx=.x3e’ - 3x2* + 6jxe‘dx

=x* —3x% + 6xe* —6e* + C=e'(x = 3x2+ 6x - 6) + C

15. J‘xze"dx=%fe*’(3xz)dx=%-e"+c

17. dv = tdt = v=ftdr=

(5]

=In(r + 1 e
u = In( ) = du +ldr

ftln(r + 1)dr = —ln(: +1) - f 1 d& \D“ d\\ng\ﬂ

=r—21n(t+])—-1-(—1+ - ) . |
2 2 J 1‘+].dI 0ot

=t—2-ln(:+1)—l[t—z— +1
) 3|3 ! n(t+1)]+C

1
= 2[2(12 —Dhje+1|-2+2]+C

1

1
19. Lctu=1nx,du=-dx. 21. dv\ (2x+l)2dx=> v—j(?.x+ 1)"2dx

(In x)2 J‘ (lnx)3 " ‘ = 1
dx= [(In 2 +C = —_—
J. ( ) 2(2x+ )
u=.xe7~"A => du = (2xe® + ) dx
=e2(2x + 1) dx
xex _ __ xe e
@x+IEE = 2(h+1)+JTd‘
ke o2x

Wk i & L
e .

BT Y
23. Use integration by parts twice.

(1) dv = e*dx = v=je*dx=e‘ Q) dv = e*dr = v=fadx=er

u=x2 = du=2xdrx u=x = du =dx

f(xz— 1)e‘dx=fxze‘dx—J‘e'dx=xze‘-2jxe‘dx—e"

=xze‘——2[xe‘—fe‘dx]—e‘=x"’e‘—-2xe"+e"+ C=(x-12+C
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) G e Section 7.2 Integration by Parts 57

= Jx—1ldx = A 2 .
Zs'dv_. X = v I(x I)I/de=-§(x_1)3/2 27. dv = cosxdx = V=Jcosxdx.—_=smx

= => du =
u==x pE u=x = du=dx

- e 2
J'x,/x— ldx = 3x(x I)S/zﬂif(x—- 1)¥2 4y fxcos.td,t=xsin1—fsinxdt=13iﬂx+c°sx+ C

2 4
=Pe-D-SG-pnsc

_2x—1)2

15 Bx+2)+C

29, Use integration by parts three times.

(1) u=x%du=3x%dv=sinxdx,v=—cosx
J'x"sindx= -x’cosx+3jx%osxdr
) u=x%du=2xdx,dv = cosxdx,v = sinx

fﬂ sinxdx = —x3cos x + B[xz sinx — 2J'.xsinxdxj|

= —x3cosx + 3x2sinx — 6[xsinxdx
(3) u=x,du=dx,dv=sinxdx,v = —cosx
fx’ sinxdr = —x3cosx + 3x2sinx — 6[—xcos;+ fcosxdx]

= —x3cosx + 3x%sinx + 6xcosx — 6sinx + C

M u=tdu=4dtdv=csctcotd:,v= —csct 33. dv=dx = v=jdx=x
ftcsctcottdt= —tcsct+jcsctdt et e de
1+ x2

= —tcsct — Infesc £ + cote| + C

farctanxdx=xarctanx— fl :xzdx

=xarctanx—%ln(l +x)+cC

35. Use integration by parts twice.
(l)dV=é2*dt=> v=fez‘dx?-;'ez' p (2)dv=e21‘dx=> v=fe2!dx=%ez‘

u=sinx = du = cosxdx u=cosx => du= —sinxdx
e s sy B Ve L 2"cosxd;ro:=le’-"sinx—1(-l-e7~‘cos:c+l e’-‘sinxdx)
smxdx—ie sinx — 5 | e 2 2\2 2
2 g L o i hats 08 X
4l€ smxdx=§e sinx — e c

fehSMIdx = éez"@ sinx —cosx) + C
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S8  Chapter 7 ' Integration Techniques, L’Hépital’s Rule, and Improper Integrals

37, y' = xe*

y=fxe*’d.x=%e"+c

39. Use integration by parts twice.

= —1- = -1/2 - 2
(1) dv mdt = v f(2 + 31)-V2qe 3s/2 + 3¢

u=1t? = du = 2tdt

Q) dv=V2+3%dt = v= J(2 + 3)V2ds = %(2 + 3032

u=t = du=dt
2 22/2+ 3t 4
= de = -= 1t
d fm T | G
222+ 3t 4[2 2
wmeldEVE T O Al a2 _ & 3/2 ;
3 3[9(2+3r) gf(2+3:) dt],
22/2+3t 8t 16 2% 102
i e T OE O 3/2 s 5/2
\:‘ 3 27(2+3t) +405(2+3t) +C
f 5
=22 e )+
405
41 (cosy)y’ = 2x
jcosydy=f2xdx ! :
siny=x2+C l :
5
i & 8 e 3 o AR |
43. (a) y ®) 5 = XYy cosx, (0,4) . i
: o dy J‘
i —== [xcosxdx
T
§ fy‘”’dy= xcos xdx (u = x,du = dx, dv = cos x dx, v = sin x)
% 2y’f2=xsinx—fsinxdx 6

=xsinx + cosx + C /\
_OEA f\je

0,4): 22=0+14+C= Cc=3

2y = xsinx + cosx + 3

-
=]

ﬁi_2=£ x/8 —
45'dx ye ,¥(0) =2

LN LR
LELIF LI
XY R
rEyrresy

PR EERE

Iy IR RE
i
(NARAR AL
NANNY
AR AR R RN (U R RN

A AR
i et G N

I e N

AR AR RS VRN

7
4
/i
A
g
/]
4

AL LR
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Integration by Parts 59

/

du=dx,dv=ce x/zdx V= 0,12

A

]xe”lzdx = —2xe~*/2 + J.Ze“/zdx = —2xe~*2 — 4o-2/2 4 C

4
Jxe"'/zdx il I:—er“"/z i 4e‘-‘/2]4
o
= =Bt aerd g
—12¢7% + 4 =~ 2,376,

Thus,

49. See Exercise 27.

/2 "2
f xcosxdx=[xsinx+cosx] =T
0 0 2

1
TR Sy =

jarccosxdx = x arccos x + f -

51, u = arccos X, du = —

V1= x
1/2

Thus,J arccos x = [xarccosx - J1 - x’]
0 0

=1 arccos(l) \/5- +1
2 4

B
2

dx =

1/2

+ 1 = 0.658.

°\I=l “l

53. Use integration by parts twice.
(Ndv=e*dx = v= fe"d.t==¢_z"

u=sinx = du=cosxdx

Section 7.2

xarccosx — /1 — 2+C

(2) dv=¢&dx = v=fe"dx=e"

u=cosx = du= —sinxdx

je’sinxdx = eg*sinx — fe‘cosxdx = e*sinx — e*cosx — fe‘sinxdx

ZJe‘ sinxdx = e*(sinx — cos x)

x
Jﬂsinxdx = %(sinx —cosx) + C

1 ; x : Lo @y 1
ThuS.J;e‘sinxdx = [%(sinx - cosx)]o = 5(5“11 —cos1) + 2

x3

; 1
ss'd"=x2dx,v—? = Inx,du=_dx

J..i:zln.n:cb:—Jf:ln.u:-—fx3

s 2

3lnx 3jx dx
Hence, x21nxdx [—lnx 1]

3 9
8 8,1 _8,-Torom

e(sin1 — cos.1) + 1

) = 0.909.
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60  Chapter 7 Integration Techniques, L'Hépital's Rule, and Improper Integrals —
57, dv = xdx,v = x—z. u = arcsec X, du = —l—dx Hence,
2 x\/xz -1 4 2 1 4
x2 x2/2 j.tarcsecxdx = [—arcsecx = Ev’xz = 1]
xarcsec x dx = —arcsec x — | ————dx 2 2 %
2 xJ/xi-1
J15 27
X2 IJ' 2x " = Sarcsec4—T 15 53
==—arcsecx — ~ | ——
2 4) /¥ =1 o
2 1 —8arcsec4——]5-+£—2—ﬂ
=%—arcsecx—-2-\/;_——f+c 2 2 3
=~ 7.380.
59. j xe¥dx = xi(lez') - (Zx)(leh) + 2(le?-') +C Alternate | u and its v’and its
. % 8 signs derivatives | antiderivatives
el Lo 1, + x2 =
2x2e e + tc
1 = = i
=Ze"'(2x2—2x+1)+c + 5 12
- 0 Lo
: "Alternate | u and its v’ and its
61. = x3(- - —si = {6 g} i o -
j *sinxds = x(~cosx) = 3%(~sinx) + Grcosx — 6sinx + C signs derivatives | antiderivatives
= =x3cosx + 3x2sinx + 6xcosx — 6sinx + C i 0 x? sin x
=322 - 6)sinx — (® — 6x)cosx + C = 3x2 —cosx
+ 6 —sinx
- 6 Cosx |
+ 0 sin x
63. fx sec?xdx = xtanx + In|cos x| + C éltemate u and its v’ and its t
signs derivatives | antiderivatives |
+ x sec?x
- 1 tan x
+ 0 —In|cos x|
65. Integration by parts is based on the 67. No. Substitution. 69. Yes. u = x2, dv = e dx
product rule.

1
71. Yes, Let u = x and du = ——, dx.
“ Jx+1

(Substitution also works. Let u = /% + 1)

nf2 T Y, TP o /2
P _[e (—2sin3x — 3 cos 3x)] -
75. J; e~ “sin3xdx [ 3 '

o

128

1. . - '
1 3(2:3 + 3) = 0.2374

—4
73. jﬂe""dt = —S—(328 + 242 + 12t +3)+cC
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Section 7.2 Integration by Parts

61

77. (@ dv = V2x = 3dr = = J’(Zx— 3)‘f2dx=l(2x— 3)3/2
3

u=2 = du=2dx

2 2
Tx(2x = 3)32 — Z (9 — 332
3 ) ls(Zx 324 ¢

2
= 1_5‘(2x =323 +3) + C = %(QJ —32x+ 1)+ C

+
(b)u=2x-3=>x=“23anddx=%du

J‘?.x\/?.x —3ddx= —[2(.“_;_3) ul“(%) du = %j(uuz + 3uM) du = %[%u”z + 2u3/2] 4

1
= 50U+ 5) + C = Tox ~ 3PA(ax - 3) + 5]+ C = 3(2x = H/x+ D+ C

X

9. (a)dv=mdx=> ”=J‘(4+J:2)‘”2xdx=\/4-l-_x2
u=x = du=2xdx

x3
deT V4 + %2 ZJ‘x\/4+x2dx
=.t2\/4+x2-%(4+x2)3/2+C=%-\/_ 4+x2(2-8)+C

(b)u=4+x2=>x2=u-4and2xdx=du=>xd.t_=%du

x dx—j—i—xdx— u__ildu.
Vit 2 N/ Ju 2
_ Y2 = a1y gy = _1.(2 3/2 1/2) +
= 2J'(u 4u~"?) du 2\3¢ 8u C

%u!ﬂ(u -12)+C= %\/4 Fe[@+x)-12]+C= %m -8 +cC

8Ln=0: Jlnxdx=x(lnx—l)+c
3
n=1 Jxlnxdx=74-(21nx—l)+c
n=2: J’lenxdx=£39-(3lnx- N+cC
!
n=3: Ix’ln_xdx=l—6'(4{nx— N+C
n=4 J'x‘lnxdx=§5'(5lnx'— N+C

. 1 .
In general Jx’ Inxdx =.(—x“:1—)2~[(n + Dlnx — 1] + C. (See Exercise 85.)
5 n
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62 Chapter 7

Integration Techniques, L’Hépital's Rule, and Improper Integrals

83. dv =sinxdr = v = —cosx

u=x" = du = nx""ldx

fx"sinxdx = —x"cosx + nfx"“ cos x dx

87. Use integration by parts twice.

1
vy = --eﬂx

(1) dv=eYdx =

u =sinbx = du = bcos bx dx

e™ sin bx

Je’“sinbxdx= —QJWcosbxdx
a

_e®sinbx _ b[e> cos bx
a a|_ a

+ %je‘“ sin bx dx]

T2 ’ i
Therefore, (1 + ‘t—)je‘“ sin bx dx = easin be — b cos bx)

2 az

e™(a sin bx — b cos bx)

Je‘“sin bxdx = peprT

89. n = 3 (Use formula in Exercise 85.)

4
j.xalnxdx=%[4lnx— 1]+ ¢

Q. dv=e*dx = v=—e"*

u=ux => du = dx

4 4 4 -4 4
A= fxe“‘dx = [—xe'-'] + f e fdx = — — [e‘*]
0 0 Jo e Y

—1--> ~0908
€

xn+[
n+1

85. dv=x"de = v=

u=Inx =>du=id.t

xn+I xn
Jx Inxdx—n+]lnx Jn+ldx

xn+l xn+1
= - +
"+]lnx (n + 1)? Y
xn+l
= ‘(n—+—1)2[(n + nx—-1]+C

() dv=e%dx =

v =—e™

iu=cosbx = du= —bsinbxdx

_ e¥sinbx

B2
— | e™sin bx dx
a a

FE

91. a =2, b = 3 (Use formula in Exercise 88.)

e*(2 cos 3x + 3 sin 3x)
13

je”cos3xdx= +C

1
95. A= J"e“‘ sin(mx)dx
0

- [e“’(—-sin m — arcos mx) "
1+ x2 0

_ 1 o _ T 1
1+ 1rr2(e +"rr) T+ 'n'z(;+ 1)
= 0.395 (See Exercise 87.)

il
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e
A—_:Jlnxdx=[—x+ =
97. @ ’ XInx ;= 1(See Exercise 4.)

® R(x) = lEl Xy r(.t) =0

v=a| (Inx)2dx
1

= | xnx)? = 2Inx + 2| (e i
[ nx <+ 2y : (Use Integration by parts twice,

= m(e — 2) =~ 2257

(x) = x, h(x) = Inx
© pix @

— B - x2 i
V= 27rJ’lxlnxdx Zw[-z(ﬂl + 21nx):|l

(e2+ V)mr
= 5 = 13.177 (See Exercise 85.)

1 w
99. Average value = ;J e~ *(cos 2t + 5 sin 20)dr
0

\ Section 7.2 Integration by Parts

see Exercise 7.)

63

(e. )

Jixlnxde _e2+1

Xl T~ 2097
y= %'ﬁ (h;x)zdx i ; 2 =~ (0.359
2 -~
%7 = (e : Lye 2) ~ (2,097, 0.359)

E]

) § [e_«(—4 cos 2t + 2 sin 2:) i

20 20

7
— P 1 P
] 01,-(1 ™4™ = 0223

101. «(r) = 100,000 + 4000¢, r = 5%, 4L =10

10 10
P J’ (100,000 + 40001)e=995t dr = 4000 | (25 + 7)e~005 gy
& 0 .

100
Letu = 25 + 1, dv = e™0%tdt, du = dt,v = ———e~%0%

4000{[(25 + :)(——I‘;Qe—oﬂosr)]:u % Ome‘“-"s-' dr}
- o] s+ o 22

v
ux]
-w

m
i cos n — — cos(— n)
n n

P

25

103, I x sin nx dx =

x 1% :
—=cosnx + —5 s
L n n

I

_2m cosmn
n

- [-(@2mn/n), ifniseven
% (2w/n), ifnisodd

— 1 —_— x
5,2 «( 4sin 2t — 2 cos 2‘)]0 (From Exercises 87 and 88)

10
2 [Me-wr]o } ~ $931,265
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64  Chapter 7  Integration Techniques, L'Hépital's Rule, and Improper Integrals

105. Letu = x,dv = sin(ﬂx)dx, g i pom __2.003("_7?,;).
2 nmw 2

= [rsn(e)ac= [F2ea(io] + 2 [l e
= ~eor( ) + [ () ()]
- ~ren() + (2 an(2g)
Letu = (—x + 2),dv = sin(ﬂzl—’x)dx, du= —dx,v = -%r cos(%x).
= [or s Dl [ 2D o rm P2 [ fem),

- Zeo{tE) - [(2) sz

ki, + 1) =b, = ’!I:(ﬁ)2 sin(%r) + _n%)z sin(n—;-’:)] = ;sh;sin(%!)

107. Shell Method:

b
V= 21!'[ xf(x) dx y
a
o)+

dv=xdx = v=x—2
2 e+

u=fkx) = du=f{x)dx _
V= 2n[";2f(x) - f §f’(x)dx]: |
= @16 - 7o) - [2rwa]
Disk Method: ’

Ve ‘fla) 7 (b) A
1] - "’L B~ [Py

= 76* — &) f(a) + W () - f(a) - Jf(b)[f ~'O)2dy
f @)

= 7] 60) - (@) - ff f:)[f"(yﬂz‘*-"]

Since x = f~1(y), we have f(x) = y and F" = =
" x) =y and f/(x)dx dy.Wheny = f(a), x = a. When y =f(b),f\: = b. Thus,

| Lo = f ) de

a

and the volumes are the same,

Scanned with CamScanner



r

Section 7.3

Trigonometric Integrals 65

.
109, f&) = 7"

@ f&) = fxe"dx =—xe*—e*+C oy

(Parts: u = X, dv = e™*dx)

fO=0=-1+C=C=1

f)=—xe*—e*+1 L

(c) You obtain the points

(d) You obtain the points

n xn yR
| n | x, Yn
0|0 0
olo |o
T |oos|o
1 |o1]o0
5 | 0.10 | 2.378 x 10-3
Ll 2 | 02 | 0.0090484
0.15 | 0.0069
3 3 | 03 | 0.025423
20 | 0.
2 | 020 | 0.0134 4 | 04 | 0.047648
L : LA : I
%0 | 40 | 0.9064 40 | 40 | 09039
1 1
0 4

° ;
Y g8 '

(e) f(4) = 0.9084
The approx

Section 7.3 - Trigonometric Integrals

L f(x) = sin*x + cos*x
—_ 2 + 2x 2
(@) sin*x + cos'x = (_-———1 ;os Zx) + (———-——‘l ;os )

=%[1 — 2cos 2x + cos?2x + 1 + 2 cos 2x + cos? 2]

it 1+cos4x]
ARELZ

= %[3 + cos 4x]

®) sin®x + cos*x = (sin?x)? + cos*x
= (1 — cos?x)* + cos*x
— 1 —2cos?x + 2cos*x

i CO! = HiY ] 2

(©) sin x + cost x = sintx + 2 sin?xcos?x + cos® x — 2 sin?x COS* X
- . 2 2

= (sinx + cos’ x)? — 2sin? X COS™ X

=]~ 2 sin? x cos* x

~CONTINUED—

imations are tangent line approximations. The results in (c) are better because

Ax is‘sma]ler.
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