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54, f(x E (2n+1)l inx 56, f(x) = E(_l)n; -:1=m-ctanx,—l <xs1
n=0 n
xercise 47.) .
(5e¢ 5 (See Exercise 38 in Section 8.7.)
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¥
x2n-1
E (Zn + 1)' ..21 2n - 1) 60. True; if
Replace n withn — 1. i o
=0
converges for x = 2, then we know that it must converge
on(—2,2]
62. True
' 10 d l(i x")dr [mawl' 8 a
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4325 Sregoo

" This series converges on (—1, 1).

“This series converges on (=5, 5).
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8. Writing f(x)

/ \
r, )1 we have

in the form a/(l —

1

6. Writing f(x) in the form T have 2
PRI SE—
4 4 4/7 __a -1 3%t 2c—2) 1+ @2/3)x-73) ET‘G\
5—1x 7—(x+2) 1-1/7x+2) 1 =7 which implies thata = 1 landr = (— 2/3)(1__2) ’
Therefore, the power series for f(x) is given by Therefore, the power series for f(x) is given by
4 _ K _ 3 I:__(x _ 2)]
S=% ngoar" N 2-:07( Ci 2)) e~ 1 nZO 2 3 ’
o 4(x + 2)" _ © (_z)n(x -2y
—HZO 7n+l —n,(] 3,, ’
x + 2 or =5 < 9 3 1 7
| | = |x-2]<50r5<x<2.
10. Writing f(x) in the form a/(1 — r), we have 12. Writing f(x) in the form a/(1 — r), we have
4 4 _ 1/2
1 1 -1/5 a 4 = i
=—5+2:=1—(2//5)x=1-r w+2 8+3x-2 1+3/8x-2 "1
which implies thata = 1/2andr = (=3/8)(x - 2),
for f(x) is given by

2%~ 5
which implies thata = —1/5 and r = (2/5)x. Therefore,

the power series for f(x) is given by

Therefore, the power series

- S o= S22

00 . oo 1)( ) 00 xn
—= Y ar"= — ==,
5 l = (=3) (x -2
III or —-2' <x< E 2 2:: ’
8 2 14
|x—2] < —or—§<x <3
144;:—7=3_2=3_2=3/2 2
"2 +3x—-2 x+2 . Zx—1 2+x —1+2x 1+ (1/2)x 1—-2x
Writing f(x) as a sum of two geometric series, we have
A7 . " (=1 |, ., 1 1 1
27+ 3x— 2 E( )(—”) & 2 e ,,2[ 2 H}‘"’ lal- % gt g S ¥ =
16. First finding the power series for 4/(4 + x), we have
1 °°( 1 )" 2 (1) x
= —_—x =
1+ (1/4)x ,,20 2%/ "Z:o a
Now replace x with x°.
4 _ ) (_])nx?.n
4+ Iz B n§=;0 4"
The interval of convergence is [x?| < 4or —2 < x < 2 since
N P —~jpigta 2 4 x2 x2
Jm S =M | T T =JTl-
__x 1 _1g 1
18. h() = 271 7 1 + %) 2(1 -x 52 —1p - Ezox"
n=
1
=5§ ""1]75"=5[0—2x+012-2x3+0x4_2x5+_._]
1& =
52 )x2n+l - — Zole-'-l'l <x<l

>
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RePresenfarion of Functions by Power Series 405

0. BY taking the second derivative, we have 42 [ 1

= = .
y 6l s x+ 1] (x + ])3-Therefore,
Gr1p af [20(“1)"""]
d =]
= %[ e

] T2 = a2 Sy

(M+2)n+1)x", -1 <x < 1.

22. By integrating, we have

1
——dr=1In(1 + x) + b
f]""x ) CandJ' dx"“lﬂ(l—.t)+cz,

fix) = In(1 = x3) =1n(1 + x) - [=In(1 - x)). Therefore

ln(l—x2)=J.l+x J‘l‘-x
B j [,Zo(hl)"x"]dx - j [:0 ]cbc [c, + 2‘, - l)wﬂ] [cz 4 ,,:, :’:'1]
= 2n

— - _'l)n - ]]x’l"'l oo __ +
C+E[( = 4 2x 2__ oo(_l)x2n+2
n=0 n+]. n202n+2_c+”20 n+1
To solve for C, let x = 0 and conclude that C = 0. Therefore,
oo y2n+2
In(1 - %) = — -
n(l — x?) n20n+1, l<x<1

= 2x2 (—1)"x2 (See Exercise 23.)
n=0
N i (= 1)y 2x21+1
n=0

Since — (ln(.t2 +1)) = -%l-, we have

n+1 + _(_.M -1 <x< 1
et + 1) = | [ § (-1r2met]as=c P AarEy e Lt
To solve for C, let x = 0 and conclude that C = 0. Therefore,
—1)rxnt2
n+1

= < n& L

In(x2 + 1) = i(

i ise 25 to obtain
2. Since f P dx = L arctan(2x), we can use the result of Exercise 25 to 0

s 2 (=1rdratt 1 1
n l'lx
S e ol S_.
1 .= (— 1) drx? | dx = c+22 1 " 2<%53
afctan(?-x)=2f-——-¢:-2f[§‘, ] ”
4x2 + 1 ey}
To solve for C, let x = 0 and conclude that ¢ = 0. Therefore,

1
1n4nx2n+l -_-l z.
arctan(2x) = 2( 2)n+1 ; 2<x 7
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406  Chapter 8 Infinite Series

e
x2 X xt

—_—— —_— = 5

28. x 2~I—3 ) <In(x + 1) =
f
x2 X xt X
e I N S = \ 8
5y
=3
x 00| 0.2 04 0.6 0.8 1.0
x2 X x4
X - 5 + 37 0.0 | 0.18227 | 033493 | 0.45960 | 0.54827 | 0.58333
In(x + 1) 0.0 | 0.18232 | 0.33647 | 0.47000 | 0.58779 | 0.69315
2 4
x— % + %3 - % + % 0.0 | 0.18233 | 0.33698 | 0.47515 | 0.61380 | 0.78333
In Exercise 35-38, arct R )
ise 35-38, = —1) ;
arctanx = 3 1 27
x . S X _—
30. g(x) = x — =3 cubic with 3 zeros. Rogx)=x—-FT+7—-— e 34. The approximations of degree 3,7,
2.0 3 1,...64n—1n=12,..)
Matches (d) Matches (b) have relative extrema.
. &0 IZJH-I
In Exercises 36 and 38, arctanx = "Zo(— 1) S BT
5 o x4n+2
36. arctan x2 = "ZO(— 1) —
. 00 x4n+3 C.C 0
jarctanx dx = nZo(_l) m'* , O =
(3/4)#n+3

3/4 oo
f arctan x*dx = Yy (—1)"
n=0

0

(drn+3)2n+1)

34n+3

- ,,Zo(_ V' G 7 3)an + e

27 2187

177,147

T 192 7 344,064

230,686,720

Since 177,147/230,686,720 < 0.001, we can approximate the series by its first two terms: 0.13427

X

xtarctanx = Y (— 1) o

n=0

2 - N -1
J’ x2 arctan x dx ”2,0( 1) o

38.

2n+3

+1
xn+a

4A2n+1)

+
1

1/2 o
2 = 1)
L x2 arctan x dx ,,20( ) n

; 1
Since 1152

+ 4)(2n + 1)227+4

1

LY
64

TR

' 1/2
< 0.001, we can approximate the series by its first term: j x? arctan x dx =~ 0.015625.
0
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{p Exercises 40 and 42, —_— = i’:

40 ch]acc nwithn + 1

" '—E(n+])f'

,,—;l

44. Replace x with x2.

48. () From Exercise 47, we have

120 1 120
arctan TT‘; arctan Eg = arctan —— + arctan (-———-

Section 8.9 Representation of Functions by Power Series 407

" |x|1.

Ii\'D

46. Integrate the series and multiply by (-1).

1
119 239)
_ (120/119) + (—1/239) (28 561) m
= 1. — s = | ==
aretan [1 = (120/119)(— 1 /239)} retan | oo 'se1) T T

1 1
(b) 2 arctan 5= arctang

1 1 1
4 arctan 3 = 2 arctan — + 2 arctan — = arctan 8 + arctanls—2 = arctan{

5

1
+ arctan— = arctan[ 2(1/5) ] ctanE = nrctani

5 24 12

2(5/12) ]=ar 120
1 - (5/12)? 119

1 = (1/5)

5 12

1
4 arctan — 1 — arctan —— = arctan L arctan . . —E(sec part (a).)

5 239

1 1
50. (a) arctan— + arctan o = arctan[

2 3

1 1
b 7= 4[&rctan 2 + arctan 3]

1_ /28 (1/2)5
_4[2 3

119 239

(1/2) + (1/3) ] _ mtan(S/s) g %r

1 - (1/2)(1/3) 5/6

(1/2) 1 (/3P Q73 a3y
7 ]+4[3 3 T s 7]

= 4(0.4635) + 4(0.3217) =~ 3,14

52, From Exercise 51, we have

x2n+l
n+ 1

54, From Example 5, we have arctan x = i (=1)m

i )RH i": (- D+ (1/3)" i(_ " 1 E ) e (1)t
=1 A= % = n+ 1 & 2n+1
1 .
= ln(-3- + 1) =il LA, = arctan 1 = % ~ 0.7854

36. From Exercise 54, we have

n+1 _,_1___--
20 32=1(2 — 1)

I

il

E(" 1y 32n+1(2n +1)

(/3
Eﬂ(‘l) m+ 1

n=0

arctan% =~ 0.3218.
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408  Chapter 8  Infinite Series I

xn+1
2n+ 1

§ (=1)r °° 1) 3
5320 + 1) (_)__’“(zn R
l)n(l/ﬁ!znﬂ

58. From Example 5, we have arctan x = i (-

o 2+
‘=\/§arctan%
_‘/_( ) 2f

Section 8.10  Taylor and Maclaurin Series

2. For ¢ = 0, we have

flx) = e
FO(x) = 3¢ = fO)(0) = 3
e*=1+3 +92_"!2+%+ ="20(3:!)n
4. For ¢ = w/4, we have:
f&) =sinx j(ff) - %
£ = cosx f(g) & g
F1) = —sinx f”(z) = _\_2@
7% = —cosx f(g) _%
o0 =sing po(Z) =22
and so on. Therefore we have:
sinx = Eﬂf‘”’(ﬂfﬂ)[]rcI !— (=/9]
- %[1 o (x _ %) k- (/9F _[x~ (o4}, s~ 517/4)]4 n ]
B [Z n(..ﬂ():[i ) (afa)p 1}

6. For ¢ = 1, we have:
fix) =
f(’l)(x) = g* =>f(ﬂ)(l) =e

R A0 [C 3 Vi I Sl ) S C 2l L el 0 = G T
_2 e[1+(x l)+ 2! +_3!—+1T!-)_+"']=en20(xn!])

!
n=0 n.
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