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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus
Solutions to Even-Numbered Exercises

2. Calculus: velocity is not constant 4. Precalculus. rate of change = dope = 0.08

Distance =~ (20 ft/sec)(15 seconds) = 300 feet

6. Precalculus: Area = 7(/2)° 8. Precalculus; Volume = 7(3)26 = 541

=27

5 5 5
10. (a) Area~5+§+§+z~10.417
1 5 5 5 5 5 5 5
Area~§<5+ﬁ+§+ﬁ+§+£+2+£>~9'145

(b) You could improve the approximation by using more rectangles.

Section 1.2  Finding Limits Graphically and Numerically

2. x 19 1.99 1999 | 2001 | 201 21
f(x) | 0.2564 | 0.2506 | 0.2501 | 0.2499 | 0.2494 | 0.2439

. X— 2 o1
llm " 0.25 (Actual limit |s;1.)
4| x -31 -3.01 —-3001 | —2999 | —299 -29
f(x) | —0.2485 | —0.2498 | —0.2500 | —0.2500 | —0.2502 | —0.2516
o J1-x-2 Y
Xllrl13w ~ —-025 (Actual limitis 74.)
6.1 x |39 399 |3999 |4001 |401 |41

f(x) | 0.0408 | 0.0401 | 0.0400 | 0.0400 | 0.0399 | 0.0392
. + - L
lim D+ D1 = (4/5) 0.04 (Actual limit |5715.)
X4 X—4

8 | x | —01 —001 | -0001 | 0001 0.01 0.1

f(x) 0.0500 0.0050 0.0005 | —0.0005 | —0.0050 | —0.0500

Iing%)(_1 ~ 0.0000 (Actual limitis0.) (Make sure you use radian mode.)
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306 Chapter 1 Limits and Their Properties

10. im (X2 +2) =3
X-1

14. lim L does not exist since the
x-3X — 3
function increases and decreases

without bound as x approaches 3.

16. limsecx =1
X-0

20. C(t) = 0.35 — 0.12[—(t — 1)]
@ ¢

—
*—-0
*—-0
*—-0
—0
0 5
0
®) [ 3 (33| 34| 35| 36| 37| 4
ct) | 059 | 071 | 071 | 071 | 071 | 0.71| 0.71
lim c() = 071
© | 3 | 25| 29| 3 | 31| 35| 4
c(t) | 047 | 059 | 059 | 059 | 0.71 | 0.71 | 0.71

12. Iirqf(x) =lim(+2) =3
X

li
Xx-1

18. limsin(wx) = 0
X-1

tIirap5 C(t) does not exist. The values of C jump from 0.59t0 0.71 att = 3.

22. Youneed to find s suchthat 0 < |x — 2| < §implies
[f() =3 = | —1-3| =|x%2— 4| <02 Thais,

-02<x2-4<02

4-02< X2 <4402
38< x2 <42
J38< x < /42

V38-2< x-2</42-2
Sotake § = 4.2 — 2 = 0.0494.
Then0 < |x — 2| < dimplies
—(V42-2)<x—-2< J42 -2
J38-2<x-2<./42-2
Using the first series of equivalent inequalities, you obtain

[f(0) — 3| = |2 — 4] < e = 02.

. X
24. lim (4— 5) =2

X—4
X
‘(4—§> — 2| <0.01
X
‘2 -5 < 0.01
‘—%(x — 4)| < 0.01

0<|x—4 <002=35
Hence, if 0 < |x — 4] < § = 0.02, you have

‘—é(x — 4)| < 0.01
2
< 0.01

< 0.01

1f(x) — L| < 0.01
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26. llm} ®+4) =29
|(x® + 4) — 29| < 0.01
X2 — 25| < 0.01
|(x + 5)(x — 5)| < 0.01

0.01
[x + 5|

Ix — 5] <
If weassume4 < x < 6, then § = 0.01/11 = 0.0009.
Hence if 0 < [x — 5| < § = % you have

0.01 1
— <
11~ |x+ 5

X — 5| < (0.01)

[x = 5||x + 5| < 0.01

|2 — 25| < 0.01
|2 + 4) — 29| < 0.01
[f(x) — L| <001

30. Iirq(%x +9=21+9=2
X—

Givene > 0:

Hence, let 6 = (3/2)e.

Hence, if 0 < |x — 1| < & = 3¢, you have
-1 < 3e
g <

‘(%X + 9) - %g <e€

[0 — L| < e

34. lim /x = /4 =2
Givene > 0 ‘\/;(—2‘<e
‘\&—2‘ ‘ﬁ+2‘ < e‘\/;(+2‘
’x—4‘ < e’ﬁ+2’
Assuming 1 < x < 9, you can choose § = 3e. Then,
O<|x-4<8=3e0 [x—4 <d/x+2
0 [Vx-2 <e

Jlim (2+5) = —1
Givene > 0
[2x+5) = (-1)| <€
|2x + 6] < €
2lx+ 3| < e
|x + 3] <§=8
Hence, let § = €/2.

Hence, if 0 < [x + 3| < 6=§,youhave

€
|x + 3| <3
|[2x + 6| < €
[2x+5) — (-1 <€
[fx) —L| <e
. )I(lp;(—l) =-1

Givene > 0: |-1—-(-1)] < e
O<e
Hence, any 6 > 0 will work.
Hence, for any 6 > 0, you have
(-1~ (-1 < e
[f() —L| <e

lim|[x =3 =0
X-3

Givene > 0
[x—=3) -0 <e€
x—3| <e=§
Hence, let 6 = e.
Hencefor 0 < |x — 3| < & = ¢, you have
x—3| <€
[[x=3]—0] <€
[fX) —L| <€
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38. Xlairp3 X*+3x)=0
Givene > 0
[ +3x) — 0] <€
[x(x + 3)| < €

€
X

If weassume —4 < x < —2,then § = ¢/4.

[x 4+ 3| <

HenceforO0 < [x — (=3)| < 6 = i you have

1 1
+ “e <
|x + 3| < 2€ < |X|€
[x(x + 3)| < €

[+ 3x—0| < e

[f(x) — L| <€
X—3
42.f(x):X279 3
T N
imf =4 ﬁ |

-3

Thedomainisal x # + 3. The graphing utility does not
show the hole at (3, %)

46. Let p(x) be the atmospheric pressure in a plane at
altitude x (in feet).

Iircr)l p(x) = 14.7 Ib/in?

Xx—3 4
0100 = ax+ 3 L
. 1 e °
imreo =3

-4

Thedomainisal x # 1, 3. The graphing utility does not
show the hole at (3, 3).

44. (a) No. Thefact that f(2) = 4 has no bearing on the exis-
tence of the limit of f(x) as x approaches 2.

(b) No. Thefact that lim f(x) = 4 has no bearing on the
vaueof fat2.

48. 0.002
(1,999, 0.001)
\/ (2.001, 0.081)

1.998 2.002
0

Using the zoom and trace feature, 6 = 0.001. That is, for

X —4
0< |X - 2| < 0.001, — 4| < 0.001.
X—2
50. True 52. Faseg let
2 __
f) = {x 4 x#4
10, X=4
limf(x) = lim(x2 — 4x) = 0andf(4) =10+ 0
X4 X-4
s i XX =12 n |4+ 04| f4+[01]) || n |4—T[01] | f(4 - [0.1])
"x-4 XxX—4
" 1 4.1 71 1 39 6.9
2 4.01 7.01 2 3.99 6.99
3 4.001 7.001 3 3.999 6.999
4 4.0001 7.0001 4 3.9999 6.9999
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56. f(x) = mx + b,m # 0. Let € > 0 be given. Take § =

€

= 58
[m|

fo<|x—c| < 5= — then
[m|

[m||x —c| < €

|mx —me| < e

|(mx + b) — (mc + b)| <

which shows that lim (mx + b)
X-C

€

=mc + b.

Section 1.3  Evaluating Limits Analytically
2. 1w @ Ixinj1 gx) =24 4,
(b) Iingg(x) =4
—_ X
0 10
-5
_12(x -3
g(x) = 9
6. xIinjzx3 =(—-22=-8 8
10. Linz(—x2 +1)=-(1%*+1=0 12,
2
W 2 3r2 2 16.
oUx+ 1 /341
18.L|ﬂx_4— 3_4——2 20.
22. lim 2x—1°%=[200-1F=-1 24,
26. (9 lim fx) =24 -34 +1=21 28.
(b) XIin211 gx)=321+6=3
(© limg(f(x) =g(21) =3
C e X T
30. llﬂsn7 = shn 5 1 32.
. _ 57 _ 1
34. Xllg;/g CoSX = cos? =5 36.

limg(x) = L,L > 0. Let e = 3L. There exists § > 0
Xc
suchthat 0 < |x — 0| < simplies|g(x) — L| < e = 3L.

That is,
L <gx-L<iL
< g <3

Hence for x in theinterval (c — §,¢ + §), X # ¢,

g(x) > 3L > 0.

10

@ !erlf(t) =0

(b) lim f(t) = ~5

10

-10

£(t) = tt — 4]

) Iir113(3x+ 2)=3(-3)+2=-7

)I(iﬂ BE-2¢+4=31°-212%+4=5

x-3_23-3_3
5 3+5 8

lim
x-3 X +

im¥x T 4= Y4+ 4=2
X

@ XIﬁin_wsf(x) =(-3)+7=4
(b) )I(im gx) = 4> =16
(© Jim g(f(x) = g(4) = 16

limtanx =tanw=0

X— 1

limcos3x = cos3m = —1

X—a

T _ —2\f3

6 T3

i)
xS g
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38. (@) lim [41(9] = 4lim () = 4(%) _6

(B im[F( +g09] = limf(x + lim g = 5 + 5 = 2
@mmmwﬂmmwmw%%@%
fx UM 32
@ Mg " limgto ~ 172~
42, f(x) = x — 3and h(x) = 7agreeexceptatx =0.

(@ lim h(x) = lim f() = ~5

(b) Jimh() = lim () = —

X2 —X—3
6100 == 7

x= -1

and g(x) = 2x — 3 agree except at

XLII’le(X) B xllrpl g(X) -

4

. /],

-8
. 2—x_. —(x—2)
50. J(Iﬂ X2 — 4 Ln;(x - 2)(x+ 2
lim—* =1
T x-2x+2 4

lm\/m— ‘/E:Iim 2+ x-J2 J2+x+ /2

40. (a) Limﬁ/@z 3/limf(x) =327=3
fo9_NMFM_ 27 3

() |M 18 I|m18 18 2
(©) lim [f(] = [lim f(x)P = (27)° = 729
(@ limLFOOF7 = [lim f o2 = 272 = 0

44, g(x) = iandf(x) Y

@ Limlf(x) does not exist.
(b) Iin(w)f(x) = —
x+1

- X+ 1
X= -1

and g(x) = X2 — x + 1 agree except at

im0 = fim, g = 3

\

7

5x + 4 x—49x-1
52 >|<L4x2— 2x— 8 xla4(x—4)(x+ 2)
x-1 3 1

=lmx+2 "6 2

x-0 X x-0 X J2+x+ /2
- lim 2+x=2 . 1 _ 1 /2
o(V2-x+ V/2x *0/2+x+2 2/2 4
o imXF1-2 . VX+1-2 Jx+l+2 x-3 — lim 1 _1
x-3 X—3 x-3 X—3 XH1+2 xes(x=3[x+1+t2 3 xt1t2 4
11 4-(x+4)
X+ 4 4 AMx+4) -1 _ 1
8 m =M I+ 4~ 16
. + Ax)? — X2 X+ + 2—x? . +
60. lim (x + ax) X~ im X 2xax + (A%) X = im M I|m(2x+Ax)—2x
AX-0 Ax Ax-0 Ax Ax-0 Ax
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(x + Ax)® — x8 _ X3 + 3XPAX + 3x(Ax)? + (Ax)® — x®

62 A|>I<To AX Alirpo AX
2 2
— jim DX IAXE (AX?) _ i (362 + 3xAx + (AX)D) = 3%
Ax-0 AX Ax -0
4 X !
64. f(x) <~ 16
0 —— 20
X 159 15.99 15.999 |16 | 16.001 | 16.01 16.1
f(x) | —.1252 | —.125| —.125 | ? | —.125 | —.125 | —.1248 -1
—_ /x _ It appears that the limit is —0.125.
Analytically, lim & X i 4= VY
x-16 X — 16 xﬁle(\/x+4)(\/x_4)
= fim—+ =1
x-16 /X + 4 8
66. lim X —32 _ g0 -
x-2 X — 2 \_//
X 19 1.99 1.999 1.9999 | 2.0 2.0001 2.001 2.01 21 L 3
f(x) | 7239 | 79.20 | 79.92 79.99 ? 80.01 80.08 80.80 | 88.41 —25
5 _ 3 2
Analytically, lim ¥ —32 _ lim (x — 2)(x* + 2 + 4x2 + 8x + 16)
x-2 X — 2 X2 X—2
= Iirr;(x“+2>@+4x2+8x+ 16) = 80.
X —
(Hint: Use long division to factor x5 — 32.)
68. lim 32— 0% _ i [3(71 — °°Sxﬂ =30 =0 70, ljm &20NO0_ iy SNO_ 4
X=0 X x-0 X 0-0 0 6-0 0
_tan®x . sin?x ~ [sinx sinx
2. lim= _J('T)xcoszx_lm[T'coszx] 4. lim ¢secd = w(-1) = —
=@ =0
76. 1-—tanx _ COSX — SInX

lim ——— im —

x-w/4SINX — COSX  x-u/4 SIN X COSX — COS> X
lim —(sinx — cosX)
x—m/4 COSX(SIN X — COSX)

lim
X— /4 COS X

i, (e

2

o 22 42 2 -
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80. f(h) = (1 + cos2h)

IAVAVAND

-5

-4

The limit appear to equal 2.

h -01 —-0.01 —0.001 | 0| 0.001 | 0.02 0.1
f(h) 1.98 1.9998 2 ?] 2 1.9998 | 1.98
Analytically, Lirr(l)(l +cos2h)=1+cos0)=1+1=2
sinx
82. f(x) = —=
(%) o
X -0.1 —-0.01 —0.001 | O | 0.001 | 0.01 0.1
f(x) 0.215 0.0464 0.01 ? 1001 0.0464 | 0.215

-2

Andlytically, lim n
X= X

% - ii[ny?<%) — (1) = 0.

The limit appear to equal 0.

84'”mf(x+h)—f(x):”m\/x+h—\/x:”m\/x+h—\/x_\/x+h+\/§
h-0 h h-0 h h-0 h IX+h+ JUx
— lim X+ h—x — lim 1 _ 1
heoh(Jx+h+ X h0/x+h+ Jx 2Jx
— 2 _ _ _ 2 2 _ 2
8. Iimf(x+h) f(x):”m(x+h) 4x + h) — (x 4X)=Iimx + 2xh + h?> — 4x — 4h — x* + 4x
h—0 h h—0 h h-0 h
_gim P& EN D  oxh—4) = 2x— 4
h-0 h h-0

88. lim[b — |x —a|]] < limf(x) < lim[b + |x — al]
X—a X—a X—-a
b<limf(x) <b

Therefore, lim f(x) = b.

92. f(x) = |x| cosx

6

R4

-6

lim |x| cosx = 0
x-0

90. f(x)

= |xsinx

6

P

lim
X-0

-2

|xsinx| =0

94. h(x) = xcos%

-0.5

lim
X-0

0.5

-05

(x cosl> =0
X
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2
9. f(x) = —— and g(x) = x + 1 agree at all points 98. If afunction f is squeezed between two functions h and g,
h(x) < f(x) < g(x), and h and g have the same limit L as

e<cept X = 1- X - ¢, then lim f (x) exists and equals L.
X-C

i N2
100. f(x) = x, g(x) = siN?x, h(x) = S”:( X
2 When you are “close to” 0 the magnitude of g is*“smaller”
o than the magnitude of f and the magnitude of g is
approaching zero “faster” than the magnitude of f.

B V : Thus, |g|/|f| = Owhen x is“closeto” 0
f

102. s(t) = —16t> + 1000 = Owhent = 1000 _ 5v/10 seconds

16 2
sf)
- S( O i 0= (~16C + 1000)
t-5v/10/2 510 _ ¢  t.s5v10/2 5/10
2 2

e ) el SO B
= lim ——=%=lim
t-5v10/2 510 _ t t-5v10/2 —<t _ 5@)
2 2
= lim —16<t + 5‘/E> = —80./10ft/sec =~ — 253 ft/sec
t-5/10/2 2

104. —4.9t> + 150 = Owhent = /%: . /%z 5.53 seconds.

The velocity at timet = ais

_ _ 2 _ (= 2 _ _
oS8~ s _ | (~49% + 150) = (~49C + 150) _  -49(a - (a+1)
t-a a-—1t t-a a—t t-a a—t

= 1im —49(a+t) = —2a(4.9 = —9.8am/sec.
~a

Hence, if a = /1500/49, the velocity is —9.8./1500/49 ~ —54.2 m/sec.

106. Suppose, on the contrary, that lim g(x) exists. Then, since lim f(x) exists, so would lim [ f(x) + g(x)], whichisa
X—C X—C X—C
contradiction. Hence, lim g(x) does not exist.
X-C

108. Givenf(x) = x", nis a positive integer, then

limx" = lim (xx"~4) = [lim x][lim x|

= C[I|m (xx"— 2)] = C[lImX]D(IEn XN 2]
= c(Olim (xx"7%) = - - =c".

110. Givenlimf(x) = O:
X—C
For every € > 0O, there exists § > 0 such that |f(x) — 0] < ewhenever 0 < |[x — ¢| < 4.

Now [f(x) — O] = |[f(x)| = ||[f(x)] — O] < e for |[x — ¢| < &. Therefore, Iing|f(x)| =0.
X
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112. (a) If!(im [f(x)| = 0, then Lim[—|f(x)|] =0.
~1f0] < £ < [F)
lim [ [£00]] < lim () < lim|£(0)]

li

X
imf(x) < 0
~c

X = X

0 <
Therefore, limf(x) = 0.
(b) Givenlimf(x) = L:

For every € > 0, there exists 8 > O such that |f(x) — L| <ewhenever0 < |[x —¢c| < 4.
Since ||f ()| — |L|| = |[f(x) — L| < € for |x — c| < & thenlim |[f(x)| = |L|.
X-C

114. True. Iirr(])x3 =03=0
X

118. False. Let f(X) = 3x2 and g(x) = x2. Thenf(x) < g(X)
for al x # 0. But Iirr(])f(x) = Iing g(x) = 0.
X— X

122, f(x) = %{1

(& Thedomainof fisall x # 0, w/2 + nm.

T,
17

IR

The domain is not obvious. The holeat x = 0 is not
apparent.

-2

124. The calculator was set in degree mode, instead of radian mode.

XX#1
c=1

116. False. Let f(x) = {3 o1

Then Iinlf(x) = 1but f(1) # 1.
X -

.1 — cosx . 1—cosx 1+ cosx
120. lim = lim .
X-0 X X=0 X 1 + cosx
.1 — cos?x . sin? x
=lim = lim
x-0X(1 + cosx) x-0x(1 -+ cosx)

. sinX sinx
=lm— —
x-0 X 1 + cosXx

.sinx][,. sinx
=|lim—|[lim—
x-0 X x-01 + cosx

= (DO =0

(© limf( =%

secx—1 secx—1 secx+1  sec?x-—1

(d)

X2 2 sex+ 1 x(scx+ 1)
__ tax 1 (smx) 1

xq(secx + 1) cox\ x2 Jsecx+ 1
sscx—1 .1 (sn’x) 1

Hence, lim 5 im
Xx-0 X 0

i 02X\ X2 Jsecx + 1
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Section 1.4

2. (9 Xlim2+f(x) = -2
(b) XIﬁirfnsz(x) =-2
© lerpzf(x) =-2

The function is continuous at
X= -2

8. lim 2—% = lim ———— = =
x22" X2 — 4 xL2t X+ 2 4
12, 1im X222 = i X=2_

14. lim

(X+ Ax)2 + (x + AX) — (X + %) _

AX- 0" AX

16. lim f(x) = lim (—x*+ 4x —2) =2
X2 X2

limf(x) = lim (2 —4x+6) =2
X2 X—2"

llﬂf(x) =2

20. lim sec x does not exist since

X/

lim secxand lim
X (m/2)*" X (7/2)”

24, Liﬂ(l - H—ﬂ]) —1-(-1)=2

Continuity and One-Sided Limits

4. (a) Xlim2+f(x) =2
(b) XIﬁirfnsz(x) =2
(© lerpzf(x) =2
The function is NOT continuous at

X= -2

10, lim XX

x-4" X —

lim

-2 .
—— = |im

6. (@ Xliml+f(x) =0
(b) XIﬁirfnlff(x) =2
(©) lerplf(x) does not exist.

The function is NOT continuous at

X=—-1
IXx=2 Jx+2
x-4 X—4 \/;(+2
lim X~ 4
x~4 (x = 4)(/x+ 2

X2 + 2X(AX) + (AX)2 + x + AX — X2 — X

AX- 0" AX
. 2X(AX) + (Ax)? + AX
= lim
Ax— 0" AX

= lim (2x+ Ax+ 1)
Ax - 0"

=2X+0+1=2x+1

18. limf(x) = lim (1 —-x) =0
X 1" X1

22. lim (2x— X)) =22) - 2=2

sec X do not exist.

X2 -1

26. f(x) =

X+ 1

has a discontinuity at x = —1 since f (—1) is not defined.

28. f(x) =12, x = 1 hasdiscontinuity at x = 1 sincef(1) = 2 # Iimlf(x) =1
X -

2x—1, x>1

30. f(t) =3 — /9 — t2iscontinuouson[—3, 3].

32. g(2) isnot defined. g is continuous on [— 1, 2).
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1 . .
34 f(x) = 24 1s continuous for all real x. 36. f(x) = cosTr?X is continuous for all real x.
38. f(x) = 21 has nonremovable discontinuitiesat x = 1 and x = — 1 since Iirqf(x) and Iimlf(x) do not exist.
- X X— —
40. f(x) = )):2_ ‘?é has a nonremovable discontinuity at x = — 3 since Iim3 f(x) does not exist, and has a removable discontinuity
_ P
at x = 3since
. . 1 1
I 160 = lim 5= &
_ x—1 _|x =3
42'f(x)77(x+2)(x71) 44, f(x)—ix_3
has a nonremovable discontinuity at x = 3 since lim f(x)
has a nonremovabl e discontinuity at x = —2 since does not exist. x=3
Iim2 f(x) does not exist, and has a removable discontinu-
o
ity at x = 1 since
. . 1 1
lim 160 = lim 5 = 5
-2X+3 x<1
46. f(x) = {XZ, <> 1
has a possible discontinuity at x = 1.
Lf)=212=1
2., F00 = M (—2x+3) = 1}nrqf<x> -1
X -
limf(x) = limx2=1
X— 1" X— 1"
3. f(1) = limf(x)
X-1
fiscontinuous at x = 1, therefore, f is continuous for all real x.
—2X, X< 2 . . _ _
48. f(x) = {xz x4+ 1 x> 2 has a possible discontinuity at x = 2.

50.

1.f(2) = —2(2) = —4

5 M f(x) = lim (=29 = —4 }Iin;f(x) does not exist.
Jimfo) = limO& —4x+1) = -3

Therefore, f has a nonremovable discontinuity at x = 2.

csc™, |x-3 <2 f[ec™, 1<x<5 S
f(x) = 6 = 6 has possible discontinuitiesat x = 1, x = 5.
2, x—=3 >2 |2 x<lorx>5
1. f() =ccr =2 £(5) = csc 27 = 2
6 6
2. limf(x) =2 limf(x) =2
X-1 X-5
3. (1) = limf(x) f(5) = limf(x)
X1 X-5

fiscontinuous at x = 1 and x = 5, therefore, f is continuous for all real x.
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52.

56.

60.

62.

68.

70.

X ' N
f(x) = tan % has nonremovable discontinuities at each

2k + 1, kisan integer.

Iirgj(x) =0 20
X|Iﬁlg17f(x) =0 \3

fisnot continuousat x = —4 8 /

-10

XZ* 2
limg(x) = lim
xﬂag() x-a X — a

=lim(x+a) =2a
X—a

Findasuchthat2a=8 [0 a= 4.

f(gx) =

1
VX—=1

Nonremovable discontinuity at x = 1. Continuous for al x > 1.

Because f - g isnot defined for x < 1, it is better to say that f - g is discontinuous from theright at x = 1.

. f(g(x)) = sinx?

Continuous for all real x

54. f(x) = 3 — [X] has nonremovable discontinuities at each
integer k.

58.

66.

X

cosx—1 x<0
f(x)={
BX, x=0

f(0)=5(0) =0

im (cosx — 1) _ 0o

lerE]’ f(X) - xl 0

i 10 = Jim (5 = 0

Therefore, Iing f(x) = 0 = f(0) and f is continuous on the entire real line. (x = 0 was the only possible discontinuity.)

f(x) = x/x + 3

Continuous on [— 3, oo]

72. f(x) =

i 900 = Jig

Jig o) = i (@~ 20 = a

Leta = 4.

1
= -2
Nonremovable discontinuity at x = —1and x = 2.

2

4S|nx:4

X

W

.

iR

-2

X+ 1

N

Continuous on (0, co)
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x2—8 ) .
74. f(x) = = 76. f(x) = x8 + 3x — 2iscontinuous on [0, 1].
3 f(0) = —2andf(1) = 2
By the Intermediate Value Theorem, f(x) = O for at least
\/ one value of ¢ between 0 and 1.
-4 4

78.

82.

86. f(x) =

0

The graph appear s to be continuous on the interval

[—4, 4]. Sincef(2) is not defined, we know that f has
adiscontinuity at x = 2. This discontinuity is removable
so it does not show up on the graph.

f(x) = %4 + tan%x is continuous on [1, 3].
f(1) = 4+l <0ad (3= 2+t >0

By the Intermediate Value Theorem, (1) = O for at least
one value of ¢ between 1 and 3.

h() =1+ 06— 3tan 6
h is continuous on [0, 1].
h(0) =1 > 0andh(l) = —2.67 < 0.

By the Intermediate Value Theorem, h(6) = Ofor at least
one value 0 between 0 and 1. Using a graphing utility, we
find that 6 =~ 0.4503.

X2 + X
x—1

f is continuous on [g 4] The nonremovable discontinuity,
x = 1, lies outside the interval.

5 35 20

35 20
6 “6<73

80.

fx)=x3+3x—2
f(x) is continuous on [0, 1].
f(0) = —2andf(1) =2

By the Intermediate Value Theorem, f(x) = O for at least
one value of ¢ between 0 and 1. Using a graphing utility,
we find that X = 0.5961.

. f(x) =x2—6x+ 8

fis continuous on [0, 3].
f(0) =8andf(3) = —1
-1<0<38
The Intermediate Value Theorem applies.
¥ —-6x+8=0
x—2(x—4=0
X=2o0rx=4
¢c=2(x=4isnotintheinterval.)

Thus, f(2) = 0.

The Intermediate Vaue Theorem applies.

X+ X
x—1

6

X+ x=6x—6
X —-5x+6=0
x—2(x—3 =0
XxX=2o0 x=3
¢ = 3(x= 2isnotintheinterval.)

Thus, f(3) = 6.
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88. A discontinuity at x = cisremovable if you can define

i >
(or redefine) the function at x = c in such away that the L !f x22
L . - . 0, if—-2<x<2
new function is continuous at x = c. Answers will vary. (c) f(x) = 1 ifx— —2
_x=2] 0, ifx< -2
@ f)="—3
_sin(x + 2) y
() 100 == "5~
2
° 1+ @
R B S A
al
ol
ot

90. If f and g are continuous for al red x, then soisf + g (Theorem 1.11, part 2). However, f/g might not be continuousif g(x) = 0.
For example, let f(x) = xand g(x) = x2 — 1. Then f and g are continuous for all real x, but f/g is not continuous at x = +1.

You can also write C as

1.04, O<t<?2
92. C=11.04 + 0.36]t — 1], t > 2, tisnotaninteger _ [1.04, 0O<t<?2
1.04 + 0.36(t — 2), t > 2, tisaninteger C= 104 —-036[2 1], t>2

Nonremovable discontinuity at each integer greater than 2. c

94. Let S(t) be the position function for the run up to the campsite. s(0) = 0 (t = 0 corresponds to 8:00 A.M., S(20) = k (distance
to campsite)). Let r(t) be the position function for the run back down the mountain: r(0) = k, r(10) = 0. Let f (t) = s(t) — r(t).
Whent = 0(8:00A.M.), f(0) =s(0) —r(0) =0—-k< 0.

Whent = 10 (8:10 A.m.), f(10) = s(10) — r(10) > 0.
Since f(0) < 0and f(10) > O, then there must be avaluet in the interval [0, 10] such that f(t) = 0. If f(t) = 0, then

s(t) — r(t) = 0, which gives us s(t) = r(t). Therefore, at sometimet, where0 < t < 10, the position functions for the
run up and the run down are equal.

96. Suppose there exists x, in [a, b] such that f(x;) > 0 and there exists x, in [a, b] such that f(x,) < 0. Then by the Intermediate
Value Theorem, f (x) must equal zero for some value of X in [X;, X,] (or [X,, X, ] if X, < X;). Thus, f would have azeroin[a, b],
which is a contradiction. Therefore, f(x) > 0 for al xin[a, b] or f(x) < Ofor all xin[a, b].

98. If x = 0, thenf(0) = 0 and Iingf(x) = 0. Hence, fis 100. True
. X—
continuous a x = 0. 1. £(c) = L is defined.
If x # 0, then Itlmf(t) = 0O for x rational, whereas 2. lim f(x) = L exists
X-C

tIimf(t) = tIim kt = kx # Ofor x irrational. Hence, f is not

continuous for all x # 0. 3.f(c) = 'xl”lf(x)

All of the conditions for continuity are met.
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102. False; arational function can be written as P(x)/Q(x)
where P and Q are polynomials of degree mand n,
respectively. It can have, at most, n discontinuities.

106. Lety bearea number. If y = 0,thenx = 0. If y > O, thenlet0 < x, < w/2suchthat M = tanx, > y (thisis possible
since the tangent function increases without bound on [0, 7/2)). By the Intermediate Value Theorem, f(x) = tan x is
continuous on [0, X,] and 0 < y < M, which implies that there exists x between 0 and x, such that tan x = y. The argument

issimilarify < 0.

108. 1. f(c) is defined.

2. IXingf(x) = AI)i(mof(c + Ax) = f(c) exists.

[Letx =c+ AX. ASX - C,Ax - 0]

3. Limf(x) = f(c).

Therefore, f is continuous at x = c.

104. (@ s

60
50

30
20
10

1 —
5 10 15 20 25 30

110. Definef(x) = f,(x) — f,(x). Since f, and f, are continuous on [a, b], soisf.
f(a) =@ — f(@ >0 and f(b) =fy(b) —f,(b) < O.

By the Intermediate Value Theorem, there exists cin [a, b] such that f(c) = 0.

f(c) = f,(c) — fi(c) =0 O fi(c) = f,(c)

(b) There appears to be alimiting speed and a possible
causeis air resistance.

Section 1.5 Infinite Limits
2. lim = oo 4. lim seclx=oo
xo—2t X+ 2 CoxlL =2t 4
lim 1 = —o0
x-—2-X+ 2 lim %clx: —o0
X —2 4
X
6. f(x) = Z-9
X —-35 -31 —301 | —3.001| —2999 | —299 | —29 —-25
f(x) | —1.077 | —5.082 | —50.08 | —500.1| 499.9 4992 | 4.915 | 0.9091

xlﬂ|[n37 f(x) = —c0

lim £ = oo
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X
8. f(x) = sec 6
X -35 -31 —301 |—-3.001| —2.999 | —299| —29 | —25
f(x) | —3.864 | —19.11 | —191.0 | —1910 || 1910 191.0 | 19.11 | 3.864
lim f(x) = —co
X-—3
lim f(x) = oo
X——3"
S 12 Iim72+x |m72+X
H = . = = w
10 =2 = %0 (L= x) 0 (1= X)
) 4 Therefore, x = 0 isavertica asymptote.
lim ——3= -
X2 (X - 2) . 2+ X
. . |Im7 T = oo
Therefore, x = 2 isavertical asymptote. x=17 X1 — x)
lim 2t x o
X—1* X2(1 - X) B
Therefore, x = 1 isavertica asymptote.
14. No vertical asymptote since the denominator is never zero. 16. Iim5 h(s) = —oo and Iim5 h(s) = oo.
S- —5~ s— —5*
Therefore, s = —5 isavertical asymptote.
lim h(s) = —oco and lim h(s) = oo.
s-5 s- 57
Therefore, s = 5isavertica asymptote.
_ B . _ (/28— x*—4x _ 1x(x*—2x—8)
18. f(x) = secmx = p— has vertical asymptotes at 20. g(x) = 32 —6x—24 6 2—2>_3
x—2n+lnanint er =1x
2 ly Integer. 6%
X# —2,4
No vertical asymptotes. The graph hasholesat x = —2
and x = 4.
2 + _ + —
22, £(x) = 4x° + x — 6) _Ax+3Jx—2) 4 £ -32

X0 — 2@ — 9x + 18)  x(x — 2)( — 9)  x(x — 3)

Vertical asymptotesat x = 0 and x = 3. Thegraph hasholesat x = —3 and x = 2.

X2 — 4 _ (x+2)(x-2

24. XR+2C+x+2  (X+2)02+1)

h(x) =

has no vertical asymptote since

X—2

XR+1

: . 4
Jim_ b9 = i, 5

26. h(t)

t(t — 2) t

T (-20+2@+4 (+2@+a'7?

Vertical asymptote at t = —2. The graph has a hole at
t=2.
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_tand  sno . XX—6x—7 . _
28. g(6) = 0 -~ Bcosd Cosehasvertlcal asymptotes at 30. Xllrp 1 - xIalrpl x—7) =-8
Cn+7r « . 2
0:#:§+nmnanymteger. " 3
There is no vertical asymptote at 6 = 0 since L
.,—'-""'-f;
. tang 12
im= =
Removable discontinuity at x = —1
. 8n(x+ 1) 24X
_— = 2 = —
2 lim St Tt 3 Jim g = e
Removable discontinuity at  _, ] s
x=-1
-2
2 2 — —
6. i X 1 38, 6x* +x—-1 x—-1_5

52.

56.

. lim
x—(m/2)* COS X

. i
x-(1/2)~ x-(1/2)*"

AT 2

x-3 X

—2

lim x2tan wx = coand |lim

Therefore, Ii(rlr)z) X2 tan x does not exist.
X —

has no

No. For example, f(x) = x2-1|r 1

vertical asymptote.

X2 tan X = —oo.

42.

46.

50.

lim ————=lim =
Xxo—(1/2* 4X% — 44X — 3 x--(@1/2* 2x—3 8

. 1
lim (x2 - 7> = oo
X-0" X

o (x+2) B

Llﬂicotx = J(III;I) [(x+ 2tanx] = 0
x—1

f¥) XX+ x+1

x“f{l f(x) = x“f{l x—1)=0

4

|y

. Theline x = cisavertical asymptote if the graph of f

approaches + oo as x approaches c.

= k(oo) = oo (Inthis case we know that k > 0.)
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— 2T _ 2007 I 11 W
60. (&) r = 507 sec 6 3 ft/sec 62. m N

a
(b) 1 = 50w sec? - = 200 ft/sec limm= lim

My
vVoCo AN \/]_— (VZ/CZ)

(© |(II‘T/’I) [507 sec? 0] =

Total distance
64. (8) Averagespeed = — "= = ® | x| 20 40 |50 | 60
2d y | 150 | 66.667 | 50 | 42.857
50 =7
(d/x) + (d/y)
© lim 2% — o
50= 29 28 X — 25
y + X
As x gets close to 25 mph, y becomes larger and larger.
50y + 50x = 2xy
50x = 2xy — 50y
50x = 2y(x — 25)
28X _
x—25

Domain: x > 25

Ly 1., 1 _ L2
66. (@ A= 2bh of 0= 2(10)(10tan 0) 2(10) 0 (b) é 03 | 06 09 12 15
= 50tan 0 — 50 6 f() 047 | 421 | 180 | 68.6 | 630.1
- Kl
Domain: <0, 2)
(c) 10 (d) I|m2 A= oo
0 1.5
0
68. False; for instance, let 70. True
x—1
f(x) = 1
The graph of f hasahole at (1, 2), not a vertical
asymptote.
1 . . g(x)
72. Letf(x) = ?and g(x) = Q‘ andc = 74. Given lim f(x) = oo, let g(x) = 1. then I|m L) =0
X »C N
by Theorem 1.15.
1 1
lim = = oo and |Im* = oo, but
X—0 X ~ox*

. 1 1 (-1
I|m<;—;>—i|[r(1) & >7—oo¢o.



