CHAPTER 4
| ntegration

Section 4.1  Antiderivatives and Indefinite Integration . . . . . . . .. 177
Section4.2  Area . . . ... 182
Section 4.3  Riemann Sums and DefiniteIntegrals . . . . .. ... .. 188
Section 44  The Fundamental Theorem of Calculus . . . . .. .. .. 192
Section 45  Integration by Substitution . . . ... ... L. 197
Section 4.6  Numerical Integration . . . ... ... ... ....... 204
Review Exercises . . . . . . . . . ... 209

Problem Solving . . . . .. .. ... .. . . .. 214



CHAPTER 4
I ntegration

Section 4.1
Solutions to Odd-Numbered Exercises

da(3 _ 93 g4
1. <X3+C) OIX(3x + C) X

dx x4
dy _ .o
5. e 3t
y=t+C
d
Check: a[t3 + C]=3t2
Given Rewrite Integrate
Qf s x4/3
9. f X dx fx dx % +
1 X—1/2
11. | —=dx Xx~3/2 dx ~——+C
f X/X f -1/2
1 1 1/x72
_— = -3 Jin
13. f2X3dx fo dx 2(_2>+C
X2
15. (x+3)dx=5+3x+c

d[ x2
Check: —| =+ 3+ C|=x+3
dx| 2

19. f(x3+2)dx:%x4+2x+c

Check: E<1x4 + 2x + C> =x3+2
dx\4

— x5/3 3
32 dy — | v2/3dy — 2 _ S.5/3
23. f\/x dx fx dx 5/3+C =X +C

Check: E<§x5/3 + C) = x2/3 = /32
ax\5

Antiderivatives and Indefinite Integration

213_ — w2 — _
'dx<3x 4x+C>—x 4=x-2(x+2

@_ 3/2
7.dX—x
25/2
== +
y 5x C

d[2 5/, ] 3
eck: —| =X¥/2 + C| = x%/2
Check dx[SX C X

Smplify

§x4/3 +C

17. J(Zx - 3)dx=x2—x3+ C

Check: %[x2 - x¥+ C]=2x—3x?

21. f(x3/2+2x+ 1)dx=§x5/2+x2+x+C

Check: d%(%xw + X2+ x+ C) =x¥24+2x+1

L= [xsax=* 4oL
25.JX3dx—fx dx—_2+C— 2x2+c

Check: E(,i + C) -1
dx

2 x3

177
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2
27, | EXT S +X+1dx= (x3/2 + x1/2 4 x~1/2) dx=gx5/2+gx3/2+2x1/2+C=£x1/2(3x2+5x+ 15) + C
Jx 5 3 15
d/2., 2 X+ x+1
[ /2 4 S=x3/2 4 1/2 4 = x3/2 4+ x1/2 4 yx~1/2 =
Check dx<5x 3x 2x C) X X X i
29. f(x+1)(3x—2)dx=f(3x2+x—2)dx 31 fyzﬂw:ff/zdy:%y7/2+c
1 d/2
=x3+ X -2x+C Check: —|Zy"/2+ C| = y¥2 =2y
2 dy\7
d 1
Check: —(x¥+ %2 —-2x+ C| =32+ x— 2
dx 2
=(x+1Bx—2
33. de:Jldx:x+C 35. f(25inx+3cosx)dx=—2cosx+3sinx+C
d d . .
Check: &(x+ c=1 Check: &(—2cosx+ 3sinx + C) = 2s€nx + 3cosx
37. f(l—csctcott)dtzt+csct+c 39. J(Secze—sine)deztan0+c050+c
Check: %(t+ cct+ C)=1—cscteott Check: d%(tan0+ cosf + C) =sec? —sin b
41. f(tan2y+ 1)dy=fseczydy:tany+c 43. f(x) = cosx

Check: d£y(tany+ C) = sec?y =tan’y + 1

d
45. f'(x) = 2 47. /(%) = 1 — %2 49, d—iz 2% — 1, (1,1)
fx) =2x+C

y=J(2x—1)dx=x2—x+C

[

5” 1=(12-1+CcO Cc=1

4t y=x—-x+1

” 5T () = 2

Answers will vary.

Answers will vary.
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dy _
51. G~ COS% (0, 4)

y:fcosxdx:sinx+c

4=8sn0+C 0O C=4

y=s8nx+ 4

55. f(x) = 4x,f(0) = 6
f(x) = f4xdx: X2+ C

f0)=6=202+C0O C=6

f(x) =2x2+ 6
59. f”(x) = 2

f(2 =5

f(2) = 10

fi(x) = Jde =2x+C;

f(2=4+C,=50 C =1
f(x) =2x+ 1

f(x)=f(2x+1)dx=x2+x+C2

f2=6+C,=10 0 C,=4
f)=x2+x+4

63. (@ h(t) = f (1.5t + 5) dt = 0.75t> + 5t + C

h0)=0+0+C=120 C=12
h(t) = 0.75t2 + 5t + 12
(b) h(6) = 0.75(6)2 + 5(6) + 12 = 69cm

53. (8) Answerswill vary.

y

0 Y=2-162 :
y=XZZ—x+C . J 8
2=% -4+c g

=C
y=XZZ—x+2

57. h(t) = 82 + 5,h(1) = —4
h(t):f(8t3+5)dt:2t4+5t+c
hl)=-4=2+5+CO C=-11

h(t) = 2t4 + 5t — 11

61. f”(x) = x~3/2

f(4 =2
f(0)=0
f(x) = fx*3/2 dx = -2xY2+C, = 2y C,
VX
, 2
f4)=-5+C=20 C =3
2
fx) = ——+3
() N

f(x) = f(fZX*l/2 +3)dx = —4x¥2 + 3x + C,

f0)=0+0+C,=00 C,=0
f(x) = —4x¥2 4+ 3x = —4/x + 3x
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65. f(0) = —4. Graph of f’is given.

@ f(4) = -10 (f) f”isaminimumat x = 3.
(b) No. The slopes of the tangent lines are greater than 2 (@)

on [0, 2]. Therefore, f must increase more than 4 units

on [0, 4].

() No, f(5) < f(4) because f is decreasing on [4, 5].

(d) fisan maximum at x = 3.5 because f/(3.5) = 0 and
the first derivative test.

(e) fisconcave upward when f’ isincreasing on (—co, 1)
and (5, o0). f is concave downward on (1, 5). Points
of inflectionat x = 1, 5.

67. a(t) = —32ft/sec? 69. From Exercise 68, we have:
= — 2 4
v(t) = J ~32dt= ~32t + C, S = —166 + vl
v,
o s(t) = =32t + v, = Owhent = -2 = timeto reach
v(0) = 60=C, maximum height. 32
s(t) = J(*32t + 60)dt = —16t2+ 60t + C, S<VO) 16<V0)2 . (Vo) £50
| = — — VO — | =
S0 = 6=_C, 32 32 32
- . V2 Vg2
s(t) = —16t2 + 60t + 6 Position function & + el 550
The ball hes it imim height wh
e ball reaches its maximim height when V2 = 35200
= —32t+ 60 =
Vi) = —32 + 60 =0 v, ~ 187.617 ft/sec
32t = 60
t= Eseconds
8
15 15\ 15
5(?8) = —16<§> + 60(§) + 6 =~ 62.26 feet
71. alt) = —9.8 73. From Exercise 71, f(t) = —4.9t2 + 10t + 2.
t) = —9.8t + 10 = 0 (Maxi height wh =0.
v(t):j—9.8dt: —98t+C, v (Maximum height when v =0,)
9.8t = 10
vi0) =v,=C, O v(t) = —9.8t + v, 10
t= %
f(t) = f(fg.st V) dt = —4.9t% + vt + C, '
10
f0=5=C, 0O f(t) = -4+ vt + s fﬁ ~71m

75. a=—-16

v(t) = j—1.6 dt = —1.6t + v, = — 1.6t, since the stone was dropped, v, = 0.

s(t) = f(— 1.6t) dt = —0.8t2 + s,

s(200 =00 -0.8(202+ =0
s = 320
Thus, the height of the cliff is 320 meters.
v(t) = — 1.6t
v(20) = —32m/sec



Section 4.1

Antiderivatives and Indefinite Integration

181

77. x(t) =t —6t2+ 9t — 2
@ vit) =x(t)=3t2— 12t + 9

=3t —4t+3) =3(t - 1)t -3

= v/(t) = 6t — 12 = B(t — 2)

O0<st<5

a(t)
(b) v(t) > Owhen0 <t < lor3<t<5
(c) alt) = 6(t —2) = 0 whent = 2.

v(2) = 3(1)(-1) = -3

8L (3 V(0) = 25km/hr = 25 - % _ %m/sec
1000 _ 800
v(13) = 80km/hr = 80 - Z=50 = o m/sec

a(t) = a (constant acceleration)

79.

83.

1
Wt) = — = t1/2 t>0
Vi

X(t) = f v(t) dt = 2t%2 + C

xX()=4=21)+C 0O C=2
X(t) = 2t/2 + 2 position function

1 -1
a(t) = v(t) = _§t73/2 = 32

acceleration

Truck: v(t) = 30
s(t) = 30t (Let s(0) = 0.)
Automobile: a(t) = 6
v(t) = 6t (Let v(0) = 0.)

v(t) =at + C s(t) = 3t2(Let S(0) = 0.)
At the point where the automobile overtakes the truck:
v(O):@D v(t):a1+@ P
36 36 30t = 302
_ 800 _ 20 0 =3 — 30t
v(13) = % 13a + %
0 = 3t(t — 10) whent = 10 sec.
550
35~ 13 (@) s(10) = 3(10)2 = 300 ft
(b) v(10) = 6(10) = 60 ft/sec =~ 41 mph
a= 0 _ 275 1.175 m/sec?
468 234
t2 250
(b) st) = as + 55t (s(0) = 0)
_ 2750137, 250,
s(13) = 4 2 T (13) =~ 189.58 m
(1 mi/hr)(5280 ft/mi) _ 22
8 T 30sec/tn 15U/
@ ol s 10 1 0 o 20 (b) V.(t) = 0.1068t> — 0.0416t + 0.3679
V,(t) = —0.1208t2 + 6.7991t — 0.0707
Vl(ft/Sec) 0| 367 | 10.27 | 23.47 | 4253 | 66 95.33
Vz(ft/ sec) | O | 30.8 | 5573 | 74.8 88 93.87 | 95.33
© S = f V(1) dt = 0'13?68 - 0046, | 63670t
3 2
S = f v, dt = — 128 1 STE g o70m

[In both cases, the constant of integration is 0 because S;(0) = S,(0) = 0]

S,(30) ~ 9535 feet
S,(30) ~ 1970.3 feet

The second car was going faster than the first until the end.
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87. at) = k
v(t) = kt
st) = Etz since v(0) = 5(0) = 0.

At the time of lift-off, kt = 160 and (k/2)t2 = 0.7. Since (k/2)t2 = 0.7,

14
t‘\/T

14 14
V(\/k>_k\/k = 160
1602
= 2 =
14k = 1607 0 k 14
~ 18,285.714 mi/hr?
=~ 7.45 ft/sec?.
89. True
93. False. For example, jx - Xdx # jxdx . fxdx because
s J1, 0sx<2
%. f(x)_{?)x, 2<x<5
x+C, 0O0=sx<2

3x2

2
f(1)=30 1+C, =30 C, =2

f(x) =

+C, 2<x<5

f is continuous: Values must agree at x = 2:
4=6+C,[0 C,= -2

X+2 0<x<2
_ 2
f) gl—z,zsxss

The left and right hand derivatives at x = 2 do not agree.

91. True

2 2
HEER

X3
=+
3 C#+

Hence f isnot differentiable at x = 2.

Section 4.2  Area
1. iZsl(Zi +1):2§li +211:2(1+2+3+4+5)+5:35
R T s fe-crcreromie
" s o 3[fa) +] S (GG LR
15, 22| = 2§ = 2[20(21)] = 420 17, i(i C e ilzgliz
WECCC )
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15 15 15 15
19. Vil —12=Yiz-23iz+ Y
i=1 i=1 i=1 i=1

21. sumseq(x(x] 2 + 3,% 1,20, 1) = 2930 (TI-82)

20
_ 15%16? ,15(16)(31) , 15(16) .El(iz +3) = 2020 + 1)é2(20) Y, 3(20)
4 “ 6 2 =
= 14,400 — 2,480 + 120 = % + 60 = 2930
= 12,040

23.

s=[3+a+2+51=¥=165
s=[1+3+4+31)=2=125

25.S=[3+3+5]1) =11

s=[2+2+31)=7

27. S(4) = \/Ri) + %(%) + g(%) + ﬁ(%) Lt ﬁ; SER 0.768
=di) - 30+ V3lE) - Vi) o
29. §5) = 1( ) 6}5@) + 715(5) + i(% + %(%) = % + % + % + % + % =~ 0.746
0 = grels) * 77ls) * rels) “oysls) *ols) 57755+ a5 00
st fim | ()72 = S [ = G =
i [ (25| = Sim [ "] = 7 -
3. i:ifi;; ! =$§)l( +1)= [ 0D n] =2 g
(10) = % - 12
S(100) = 1.02
S(1000) = 1.002
S(10,000) = 1.0002
37 i -2 E(kz _ [n(n + 1)é2n + 1) n(n2+ 1)]
_ %[an + 3n +61 —3n-— 3] _ #[2712 ~2]— s

S(10) = 1.98
S(100) = 1.9998
S(1000) = 1.999998
S(10,000) = 1.99999998

39.

m 22 i tim 22202 i [ )|

=8Iim<1+1)=8
n

N-oo
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a1 lim 3 i — 17 = lim %Elﬂ: lim %[%]
N-oi=1 N-—oo =7 N-oo
oo 12m—=3nm+n] . [1/2—-(3/n)+ (1/md)\] 1
e e N e | R

" LAY WP | U 18] .,.1 1n(n+1)>]_ . n2+n]_( 1)_
43. Jingoi;l(lJrn)(n)_zJLrln[izll+niEll]_zr!LTon[n+n< : —ZJLTO_lJrian =21+5)=3

45. (@) v © | x 5 10 50 100
/ sn | 1.6 | 1.8 | 1.96 | 1.98
Sn | 24 | 22 | 204 | 202

o g 3[o- 32 48

0 ax=2-0-2 =Jln;%[n(n;1)—n]
Endpoints: = JL”; [@ — %] =2
T o R
(c) Sincey = r)l( isincrr;asing, f(m) = f(xinl) on [:il, %]. nILTO ;1[|<n>]<n> JL”; nzglrll(n .
sn) = i:ilf(xi_l) AX - JLH; (?) 2
im n+D_ 2

-3 (5)0) - e -2 C)) o

(d) f(M) = f(x) on[x_y,x]
2\1(2

sm = Srooac= $1(7)2= 312)[2)

47. y = —2x+ 30on|0, 1]. (Note: Ax = 1;O:%>

an = S0 - 8] 2 + )
:37%ii:372(n2+21)n:271 i\

Area= lim s(n) = 2
n-oo

49. y=x2+2on]0,1]. (Note: AX = %)

w0 = $1G)6) = 56 +2[G) \3/

1 &, _n(n+1)@2n+1) _;( 3 i)
—[n3;l|]+2——6n3 t2=l2+ o)+ 2

wiN

Area= lim Sn) =
N- oo
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51. y =16 — x?on[1, 3]. <Note: Ax = %)

SR HEMER I

_ _4n(n+ 1)]
h n? 6 n 2
4
=30 - —(n +1(2n+ 1) — H(n +1)
. 8 70 1
Area—nltngos(n)—30—§—4—§—23§

53. y=64—x3on[l,4].<Note: Ax=4;1=§>

s =31+ ) - o (24310

n .
:§2[63_2L;_2L2|_9|]
n n n n

3[63 _2Tn+1? 27nn+1@2n+1) 9n(n+ 1)]
n3 4 n? 6 n 2
—189—ﬂ( + 12 - (n+1)(2n+1)—§“:1
Area = I|m s(n) = 189 — 8l _ 27 — 2r_ 518 _ 128.25
4 2 4
55. y=x2—x3on[—1, 1] (Note: Ax = 1%(71) = %) y

Again, T(n) is neither an upper nor a lower sum.

o= §1(coe 22 3 - (22
Sl a8 (T
:i:il[z—lr?iJr%—ﬂa]() 21— géw%giz—%gp
:%(n)—% n(n2+1)+%'n(n+1)é2n+1)_% n2(n:1)2
=4—10<l+i>+1§6(2+3+1)—4(1+%+$)

Area = IimT()—4—1O+Q—4—g

n-oo 3 3
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57. f(y) =3y,0sy<2 <Note:Ay:2;O:%> y
4 noo(2i\(2 no_(2i\(2 ol
so = S rmay = $(2)3) - S5 ]
P
12 Q0. n(n+1) 6(n+1) 6 1
g 3i=(R) n - 8th
T \2 T ‘\1 T é X
. . 6 T
Area= lim 9n) = lim (6 + 7> =6 ol
n-oo n-oo n
59. f(y)=y%20=<y=<3 (Note:Ayzs;nozg) y
Ni
no(3i\2(3\ 27 &, |
an- S22~ 5 2028 —
2 |21 n;/\n nsizl oL
:g'n(n+1)(2n+1)23(2n2+3n+1>:9+g 9 T S
n® 6 n? 2 2n  2n? -2}
. . 27 9 T
avea = fim s = tim (9 + 20+ 5% =9
6l g(y) =4y -y, 1<y<3 (Note:Ay=3;1:i> y
N 2i\(2 ot
n) = 1+ —)= 8+
a - 31+ 7))
N\ 2 :\3 e
S 2 (2
=1 n n n _‘;1_;2 e
2,1
n i i2 ; 2 g3
2224[1+ﬂ+4—'2]—[1+g+%+8—'3] 4T
n< n n n n n
_ 23 10i 4z 8%] _ 2 10n(n + 1) in(n+l)(2n+1)_§n2(n+l)2]
_n.Zl[BJF n e n3}_n[3n+ 2 6 P 4
Area= lim S(n)=6+10+§—4=ﬂ
n —co 3 3
63. f(x) =x2+30<x<2n=4 65.f(x)=tanx,Osxs77:,n=4
X+ %1
T -+ X
Letg 5 Letci:X' X1
2
Ax—lc— C, = c—5c—7 3 5 7
T2t Rt g L PN PR (PR AP k.
=10 @ B G
n 4 1
Area= Y f(c) Ax = c-2+3(7) n 4
;::1 (@ izl[ ' | 2 Area= Y f(c) Ax = Y (tan ci)<1—7:3>
=1 =1
A5 3) (357 9)+ (G -3) + (56 + ]
== +3]+ (= +3]+ (=2 +3]+ (= +3 3 5o 7o
16 16 16 16 T tan ST 4 a2 .
16(tan 0 + tan 2 + tan 0 + tan 32> 0.345
_ 8
8
67. f(x) = V/xon[0, 4].
n 4 8 12 16 20

Approximate area | 5.3838 | 5.3523 | 5.3439 | 5.3403 | 5.3384

(Exact valueis 16/3)
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69. f(x) = tan(%x) on[1, 3]

n 4 8 12 16 20
Approximate area | 2.2223 | 2.2387 | 2.2418 | 2.2430 | 2.2435

71. We can usetheliney = x bounded by x = aand x = b. The sum of the areas of these circumscribed rectangles is the
The sum of the areas of these inscribed rectangles is the upper sum.
lower sum. y
y L
L i ;N B X
[ a b b

We can see that the rectangles do not contain all of the areain
the first graph and the rectangles in the second graph cover
more than the area of the region.

The exact value of the area lies between these two sums.

73. v (b) v
81 8l
o 6l
o] oL
2] N
vz s o4 Lo o5 o4
Lower sum: . L Upper sum:
S4) =0+4+55+6=15 =% ~ 15333 S4) =4+55+6+6 =211 = ~ 21733
© 8i (d) In each case, Ax = 4/n. The lower sum uses left end-
1 points, (i — 1)(4/n). The upper sum uses right endpoints,
o1 (i)(4/n). The Midpoint Rule uses midpoints, (i - %)(4/n).
ol
)]
T oz o3 o4
Midpoint Rule:

M(4) = 25 + 45 + 55 + 65 = %iF ~ 19.403

©® [ 4 8 20 100 200
sn) |15333 | 17.368 | 18459 | 18995 | 19.06
Sn) |21.733 | 20568 | 19.739 | 19.251 | 19.188
M(n) | 19403 | 19201 | 19137 | 19125 | 19.125

(f) s(n) increases because the lower sum approaches the exact value as n increases. S(n) decreases because the upper sum
approaches the exact value as n increases. Because of the shape of the graph, the lower sum is aways smaller than the
exact value, whereas the upper sum is aways larger.
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75. y 77. True. (Theorem 4.2 (2))

—

b. A = 6 square units

79. f(x) = sinx, [0, 7—27]

10
g 1
Let A, = areabounded by f(x) = sinx, the x-axis, x = 0 and x = /2. Let A, = areaof the rect- 0_75”“”‘9”(’0 )
anglebounded by y = 1,y = 0,x = 0, and x = =/2. Thus, A, = (7/2)(1) =~ 1.570796.
In this program, the computer is generating N, pairs of random points in the rectangle whose 057
areais represented by A,. It is keeping track of how many of these points, N,, lie in the region 025+
whose areais represented by A,. Since the points are randomly generated, we assume that ‘
A N, N, ER
AN, O A= N2A2'
The larger N, is the better the approximation to A,.
81. Suppose there are n rows in the figure. The starson the left total 1 + 2 + - - - + n, as do the stars on the right. There are

n(n + 1) starsin total, hence
21+2+---+n]=nin+1)

1+2+---+n=3nn+1).

83. (a) y = (—4.09 x 1075)x3 + 0.016x2 — 2.67x + 452.9 (b) s

(c) Using the integration capability of a graphing utility,
you obtain

A = 76,897.5 ft2 0 350

Section 4.3  Riemann Sums and Definite Integrals

12
1 f(X):\/i,y:O,x:o,x:S,ci:i—'z ,
N
32 3(i — 1)2
A= T T *(Zlf)
i
nILch Zf(c)Ax = n“IQO Z (2. -1
n 3 }LQZWE(n;zl)Z‘\3
= — )
n -oo ~
— im 3 [ (h+1@n+1) n(n+ l)]
- n - oo L 6 2
_ (mM+1Y@n+1) n+1
N nlLfT()]O Sf[ 3n2 2n2

= 3\/5[2 - o] =23~ 3464
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3. y=6o0n[4,10]. (Note: AXx = lOn— 4_6

= ||Al - 0asn - oo>
n

= =1

2(0)A><,—2f<4+ >() is(g)flnj? 36

10
J 6dx = lim 36 = 36
4

N-oo

5 y=x3on[-1,1]. (Note:Ax=1%(_l)=%,||A||_.0asn_>oo>
Srean= S0 0 = 81 D) - 325 -5+ F 0
122 24 &

= -2+ 5 ——Ei2+1—6ii3
n? n® & n* &

i=1

=72+6<1+1>74(2+§+12>+4(1+3+12>=g
n n n n n n

1
f x3dx = Iimg=0
-1

n-oo N

7.y=x+1on[1,2]. (Note: Ax = % = % Al - Oasn - oo)
n n AVE! i\ 1 2 2 1
e s=So(ue 13 = 3|2+ 1)+ 2f5) = B R+ 5 1))
PSR NP IR | IP n,i,,3,1)y_10 3 1
0 3 1 10
2 = — _— — | =
f(x + 1) dx = I|m<3 2n+6n2> 3
n 5 n 3
9. Hl‘i‘mO > (3c; + 10) Ax = f (3x + 10) dx 11. Hy‘m E JCZ + 4Ax = f VX2 + 4dx
V=1 -1 Tri=1 (0]
ontheinterval [—1, 5]. on theinterval [0, 3].
5 4 2
13, dex 15. j (4 — |x]) dx 17. J (4 — ) dx
0 -4 —2
T 2
19. f sin x dx 21. f y3 dy 23. Rectangle
0 0
A = bh = 3(4)
3
A= f 4dx = 12
0
y
5L
21 iRectmgle
|
|
R R
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25. Triangle y 27. Trapezoid y
_1 _ 1 r _ b, + b, _(5+9
A=Zoh=@@ ‘ A= (220 o i
4 -+ Triangle i 2 6 }
A:fxdx:S 2t ! A:J(2X+5)dle4 A iTrapszd
0 ] 34 |
1 i 0 i
I I
29. Triangle y 31. Semicircle
1,1 _1 o1 o
A= Ebh = 5(2)(1) Triangle A= 27TI' = 2#(3)
! Rp— 97
A:f(1—|x|)dx:l 7 N A:f\/Q—xzdx:?
-1 -3

4 4 4
x3dx=60,fxdx=6,fdx=2

In Exercises 33-39, f
2 2

2

4 4 4
37. J(X—S)dx=fxdx—Sfdx=6—8(2):—10

2 2 2

7 5 7
41. (a) Lf(x)dx:ff(x)dxﬁ-Lf(x)dx:10+3:13

0 ° 5
(b) ff(x) dx = —Jf(x)dx: -10
5 0
5
© ff(x)dx=0
5

(d) f 53f (x) dx = 3 f 5f (x) dx = 3(10) = 30

0

45. (a) Quarter circle below x-axis. —37r2 = —3m(22 = —

(b) Triangle: 3bh = 3(4)(2) = 4

(c) Triangle + Semicircle below x-axis: —2(2)(1) — 3m(2)?

(d) Sum of parts(b) and (c): 4 — (1 + 27) = 3 — 27

4 4
35. f4xdx: 4f xdx = 4(6) = 24

2 2

409 104 4 4
30. f(,X3_3x+2)dx:7J’X3dX—3JXdX+2de
2 2 22 2 2

_ %(60) —36) + 2(2) = 16

6

43. (a) fe[f(x) + g(x)] dx = fsf(x) dx + J g(x) dx

2

10+ (-2 =8
6 6 6
®) f 909 — (9] dx = f o) ok — f 00 dx
- —2-10=-12

() fGZQ(x) dx = Zfeg(x) dx=2(-2) = —4
2

2

(d) fGSf (x)dx = 3f6f (x) dx = 3(10) = 30

-1+ 2w

(e) Sum of absolute valuesof (b) and (c): 4 + (1 + 2m) =5+ 27

(f) Answer to (d) plus 2(10) = 20: (3 — 2m) + 20 = 23 — 27

47. The left endpoint approximation will be greater than the
actual arear >

49. Because the curve is concave upward, the midpoint
approximation will be less than the actual area: <
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B f(x) = -

X—4

is not integrable on the interval [3, 5] and f has a
discontinuity at x = 4.

N
t

o)
} }

Nl

1
d. j2§nwxdxz1(1)(2)x 1
o 2

0

3
57. Jx\/3 — xdx

n 4 8 12 16 20
L(n) 3.6830 | 3.9956 | 4.0707 | 4.1016 | 4.1177
M(n) | 4.3082 4.2076 41838 | 4.1740 4.1690
R(n) | 3.6830 | 3.9956 | 4.0707 | 41016 | 4.1177
/2
59. j sin? x dx
0
n 4 8 12 16 20
L(n) | 0.5890 | 0.6872 | 0.7199 | 0.7363 | 0.7461
M(n) | 0.7854 | 0.7854 | 0.7854 | 0.7854 | 0.7854
R(n) | 0.9817 0.8836 0.8508 | 0.8345 0.8247
61. True 63. True

67. f(x) = x2 + 3x,[0, 8]

X=0,%=LX=3X=7X%X =38
Ax; =1, A%, = 2, Ax; = 4, Ax, =1

¢c,=1c¢c,=2c¢c=5¢, =328

24: f(c) Ax = f(1) Ax, + f(2) Ax, + f(5) Ax; + f(8) Ax,

= (4)(1) + (10)(2) + (40)(4) + (88)(1) = 272

53.

a. A = 5 sguare units

65. False

2

(=x)dx = =2
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1, xisrational
0, X isirrational

69. f(x) = {

is not integrable on the interval [0, 1]. As|A|| - 0, f(c) = 1 or f(c) = 0in each subinterval since there
are an infinite number of both rational and irrational numbersin any interval, no matter how small.

71 Letf(x) = x2,0 < x < 1, and Ax; = 1/n. The appropriate Riemann Sum is
n _ n l zl_l n .
izlf(ci)Axi - i21<n> n- ”32'1' .
1 n@2n+Dn+1

i lZ 2 2 2] — i il
nl'jgonS[l + 22+ 32+ +n]—nI|ﬁrgoﬂ3 o

o2+ 3+1 . (1 1 1 1
=lim—————=Ilim|5+-+=5|=3

n- oo 6n2 n-oo

Section 4.4 The Fundamental Theorem of Calculus

4 5

1'f(X):x2+1 3 f(x) =xs/X+1

2
fﬂ 4 ) N —/x Jx\/xz-i-ldX:O -5
dx is positive. 5 s 2

o X+ 1 N

1 1 0 X2 ) 1
5.f2xdx=[x2]=1—0=1 7.f(x72)dx=[—72x] =07(—+2
0 -1

2

o fue-aa-[5-a] - (1-3)- (-9 2

! . 4 4 1
11.f(2t—1)2dt=f(4t2—4t+1)dt:[ft3—2t2+t] =2_241=2
o o 3 o 3 3

a2 [ (34 -

4 4
u-2 — 1/2 _ o —1/2 :[g 3/2 _ 1/2]4:[2 3 _ ]_[g_ ]:g
15. 7 du Jl(u 2u™*?) du = | Ju | 3( VA - 4/a S

o [et-2a- o=, -3 - Go) -~

1 1
X;\/;( zl _ y1/2 =1[£2_23/2]1=1<1_g)=_i
19.L 3 dx 3J;(x x1/2) dx 32~ 3¥ 0" 3

0
3 3 0 3 3 27
_ 13 _ 23 gt = | 243 — 53| —o— (242 = _
21 L(t £/9) dt [4t % ]1 0 (4 5)

2

w

3 3/2 3
) f |2x — 3| dx=f (3—2x dx+f (2x — 3) dx (split up the integra atthezerox=g)
0 0 3/2

3/2 3 9 9 9 9 9 9 9
= %2 2 _ =(2_2)_ _g—(2_Z)=o2_2Z)=2
[3x X ]O + [x 3x]3/2 (2 4) 0+(9—-9 (4 2) 2(2 4> 5
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3 2 3
25.f|x274|dx=f(47x2)dx+j(x274)dx
0 0 2

X32
*[4 ‘5]0

27

. Lw(l + sinx) dx = [x - cosx]

29.

31.

37. A= JS(S - X)/xdx = Js(:%xl/2 — x¥2) dx = [2x3/2 — %xs/z] = [X\/X(lo - ZX)]3 = 12./3
0 0 0

39.

—1/6

0

A

/6
secZ x dx = [tan x}

/3

3
33. f 10,000(t — 6) dt = 10,000

f 4sec ftan 0 dO = [43&:6]
—/3

|

T

3

2

w/2 /2
=J cosxdx=[sinx] =1
0 0

43. Sincey = 00on[0, 2],

A:J:(x3+x)dx:[

4

Kgf]
2

/3
S -4 =0

0

/6 \/é

—/6

2 3
-
0

-§-24

= —$135,000

0:(7T+1)—(0—1):2+’/T

3
0 5

41. Sincey = 0on |0, 2],

2 2
A:j(3x2+1)dx:[x3+x] =8+ 2=10.
0 [0]

45, LZ(X—Zﬂ)dx=[X—2—4X3/2]2=2_87ﬂ

2 3 lo
f(c)(z_o):6_78\/E
3
c—&ﬁ+1=i%?é+l
(Vo-1p=C0-22
\/E—1=1\/6_34ﬂ
S

c =~ 0.43800r c = 1.7908

3
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/4 /4
47.J Zseczxdx=[2tanx] /4=2(1)—2(—1)=4

—7/4
T m\| _
|- (-5)] -4
2sec?c = 8
T
sec2c = 4
T
2
SecC = +——
aa
c= tarcsec(i)
Jr

= iarccong ~ +0.4817

S ,;[ _;3]2 4{( _§)_(_ §ﬂ,§ 288 (248
9. 5] @@=l 4 3¢| =7l(8-3 8+3) =5 o
8
Average value = 3 / \
\/7 -3 3
47x2=gwhenx2=4f§orx=12—33~11.155. =)
1 (" 1 T2 . . ,
51. == 0J, sinxdx = [—fcosx] == 53. If f iscontinuous on [a, b] and F’(x) = f(x) on[a, b],
- o 0 w
b
2 2 thenf f(x) dx = F(b) — F(a).
Average value = p (069, 2) a
| s
H 2 s 37
snx == -z £
T
X = 0.690, 2.451 -t
2 6 2 6
55. Jf(x) dx = —(areaof regionA) = —1.5 57. f [f(x)| dx = —f f(x) dx +f f(x) dx=15+50=65
0 0 0 2
6 6 6
59. J[2+f(x)]dx:f2dx+Jf(x)dx
0 0 0
=12+ 35=155
/3 /3
61. (@) F(x) = ksec?x (b) 1 500 sec? x dx = 1500[ anx]
7/3 — 0], T 0
FOO) =k =
(0) 500 1500(\/3 0)
F(x) = 500 sec? x
~ 826.99 newtons
=~ 827 newtons

5
63. —— f (0.1729t + 0.1552t2 — 0.0374t3) dt ~ 5[0 08645t2 + 0.05073t% — 0.00935’[4}0 ~ 0.5318 liter



Section 4.4 The Fundamental Theorem of Calculus

195

65. (@) 1 (b) w0
i mvanvh /
0 24
-1 0
The area above the x-axis equals the area below the The average value of Sappearsto beg.

x-axis. Thus, the average value is zero.

67. (@ v= —8.61 x 10743 + 0.0782t2 — 0.208t + 0.0952
(b) 90

-10 70

-10

60 _ a4 3 2 60
© f v(t) dt = [ 8.61 x 107% + 0.0782% _ 0.208t + O'OQSZL ~ 2476 meters

4 3 2
69. F(x) = Lx(t —5)dt = [; - 5t}>; - Xg ~ Bx 71 F(x) = j—dv - flo\rzdv - _Tlo]l
F@2) =5 - 52 = - 20 10— 101 - %)
F() = % ~5(5) = 2—25 F@) = 10(%) -
F(8) = % - 58) = -8 F(5) = 10(%) =8
F(8) = 10(9 -2
73. F(x) = flxcosedez sin 9}1 —sinx—sin1 75. (@) f(t +2)dt= [ + Zt]x _ %x2 +2x

F(2) = sn2 — sin1 = 0.0678
F(5) = sin5 — sin1 = —1.8004
F(8) = sn8 — sin1 = 0.1479

(b) d[1x2+2x]—x+2

77. (a) f\/t dt = t4/3] = 3(X4/3 - 16) = fx“/3 - 12 79. (a) f sec?tdt = [tan t]x =tanx — 1
4 4 x/4 x/4
() ™ [ X438 — 12] = x1/3 = 3/x (b) %[tanx — 1] = sec?x
8l. F(x) :f (t2 — 2t) dt 83. F(x) =f JOF 1dt 85. F(x) =Jtcostdt
2 -1 0

F/(x) = x2 — 2x F(x)=Jx+1 F’(X) = x cosx
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X+2
87. F(x) =f (4t + 1) dt Alternate solution:
X

X+2
= |:2tZ + t]x+2 F(X) = J;( (4t + 1) dt

X

=[2x+ 22+ (x + 2)] — [2¢ + x] f 0(4t +1)dt + j x+2(4t + 1) dt
X 0

=8x+ 10 . o
F/(x) =8 =—JW+Dm+f (4t + 1) dt
0 0
F(x)=—(@4x+1)+4x+2+1=38
89. F(x) = f Vidt = [ B/Z]Onx = %(sinX)3/2 91. F(x) = f sint?dt
0

F/(x) = (sinx)Y2cosx = cosx~/sin F/(x) = sin(x®?2 - 3x® = 3x2sinx®

Alternate solution

- [
0

F'(x) = sinx%(sinx) = /sinx(cosx)
93. g(x) = f Xf(t) dt 95. (a) C(x) = 5000(25 +3 f t2/4 dt)
0 0
g(0) =0,9(1) = % g2 =~ 1,903 = % g4) =0 <25 + 3[gt5/4] )
y = 5ooo<25 + 1—52x5/4> = 1000(125 + 12x5/4)

(b) C(1) = 1000(125 + 12(1)) = $137,000
C(5) = 1000(125 + 12(5)5/4) ~ $214,721
C(10) = 1000(125 + 12(10)%/4) ~ $338,394

g has arelative maximum at x = 2.

1 0 1
97. True 99. Falsg; j X~ 2dx :f X~2dx +j X~ 20dx
-1 -1

0

Each of these integralsisinfinite. f(x) = x~2
has a nonremovable discontinuity at x = 0.

1/x X 1
101. f(x) = J dt + f dt
o t2+1 ot?+1

By the Second Fundamental Theorem of Calculus, we have

o 1 1 1
P = w7 + 1( ?) e
1 1

:71+x2+x2+1:0'

Since f/(x) = 0, f(x) must be constant.
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103. X(t) = t3 — 6t2 + Ot — 2
x/(t) = 3t2 — 12t + 9
= 3(t2 — 4t + 3)
=3t - 3)(t— 1)

5
Total distance = J |x"(t)|dt
0

:f53|(t—3)<t— 1)t

1 3
=3f (t2—4t+3)dt—3f (t2—4t+3)dt+3f (t2 — 4t + 3)at
0 1 3

—4+4+20

= 28 units

4
105. Tota distance = f |x ()|t
1

4
- f IV(D)|dt
1

4
1
= | =d
I
4
— 20|

1
= 2(2 — 1) = 2 units

Section 4.5  Integration by Substitution

[REECE U=gk)  du= g de
1. J (5%2 + 1)%(10x) dx 52 + 1 10x dx
3. f X dx X2+ 1 2x dx

I+ 1
5. ftanzxseczxdx tan x sec? x dx
5
7. J(l + 2x)*2dx = % +C
Cdf @+ 2x° ] _ 4
Check: dx[75 + C|=2(1+ 2x)
(9 — x?)3/2 2
— w2\1/2( _ -~ -7 — = — yv2)3/2

9. f(g x2)1/2(—2x) dx 32 +C 3(9 x2)3/2 + C

Check: o1 20—z + ¢| = 2. 30 - - 29 = Vo (-29
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1 1(x*+ 33 (x4 + 3)3
3, 2 — 2, 3 = = =
11. fx(x4+3) dx 4f(x“+3)(4x)dx 7 3 +C T

ches £33, o] L2 e _ i gy

13 f X208 — 1)t dx = f (¢ — D433 dx [lef’] R Ll Vi

15 C
Sd[ -1 ]_5(x3—1)4(3x2)_ 23 14
Check: 7dx[715 +C|= — 15 X (x®—-1)

2 3/2 2 3/2
15. ft\/tZTZdt=%f(t2+2)1/2(2t)dt=1(t S A O G

2 32 3
2 3/2 2 1/2,

— v2)4/3
17. fo(l — )3 dx = fgf(l — X)V3(—2x) dx = ,g 5 -

— 221 — x2)4/3
a3+ gl ¥+ C
Check: —;)'([—E(l — X3 4 c] __1 4

3 8 3(1 — X)Y3(—2x) = 5x(1 — x)V/3 = 5x3/1 — X2
19 | @@= X2)3 f(l—xz) (—2x) dx = %(1__7’5)72+c=ﬁ+c
1 Nzl _ X
Check: *[ﬁ‘i‘C] Zz(—Z)(l—X) (—2x) = (l—X2)3
X2 3)—2 2 M [ 1
Zlfm j(l‘i‘X) (3x?) dx = [ ) ] +C= 3(1+X3)+C
. d 1 1 Do X
Check: &[_3(“ 5 c] — —5EDA O =
_ y2)-1/2 1(1_7)(2)1/2 - _ 2
23. \/; f(l X2)~1/2(—2x) dx = > 12 +C J1-x+C
EEal — y2)1/2 = = — w2\—1/2( — = X
Check: dx[ (1—xv2+ C] 2(1 x2)~1/2(—2x) A

s [(0e (3 - [(re (-2)an By, .
chec S LW o] - dy(y 1131 3
27. f—dx— j(zx) 1/2 2 dx 77[(2;/)2] C=J+C

dt 4
. d [—— —-1/2 —
Check: &[J?x +d = 2(2x) /2(2) =

1
V2
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2
29. L\/wdx = f(x3/2 + 32 + 7x Y2 dx = §x5/2 + 2x3/2 + 14xY2 + C = é\/i(x2 +5x+ 35 +C
X
d|2 . X2+ 3x+7
: /2 4 2%3/2 4 1/2 4 AToRT [
Check X [SX 2x 14x C] N
2 1
3L [B(t—T)dt=|(E—-2dt=t-+C
iz, 2
| = + — 13 _ — 12 =
Check: dt[ —t C] t 2t=t <t t)

3. o= vyey = [ioy2 - ymay —o(3) - B o= Bras -y v

Check: d—[ Sy3/2(15 — y) + c] y[6y3/2 - %yf’/z + C] = Oyl — 32 = (9 — y)Jy

®.y= f[4X+\/16_X2]dX 37'y:f(X2f;X33)2dx
= 4fxdx - 2f(16 — X3)~1/2(—2x) dx = %J(xz + 2x — 3)732x + 2) dx
_ (R (16 — x3)1/2 _ 1+ 2x—37t
) e R
=22-4/16 -+ C ~ 1
T Terx-3 €
39. (@ y (b) —x\/ 4—x2(2,2)

= Jxm dx = —%f(4 — X2)12(—2x dx)

__;.g _ y2)3/2 __1 _ y2)3/2
=5 3(4 X232 4+ C = 3(4 x?)¥/2 + C

2.2): 2= %(47 224 C 0 C=2

y= —%(4 - X382+ 2

NI

2

™
-1
. . 1, . 1
41. |wsinmxdx = —cosmx + C 43. |sin2xdx = > (sin2x)(2x) dx = —ECOSZX + C

45, f—cos do = —fcosl<—i) de = —sin%+ C
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1 (sin 2x)? 1.,
5 > +C—4sm 2x+ C OR

47. Jsin 2X cos 2x dx = %J(sin 2x)(2 cos 2x) dx =
1 (cos 2x)?

1
2 2 +Cl—72100322x+cl OR

fsjn 2X cos 2x dx = *%j(COSZX)(*ZSiI’] 2X) dx =

Jsiancostdx= %fZSiancostdx: %Jsin4xdx - %cos4x+ C,

tan® x
5

49, ftan“xseczxdx: +C:%tan5x+c

cot3 x

51, fcsczxdx - —f(cotx)*(—csczx) ox

_(cotx)~? 1 R _1 _ _1l .
= ~5 + 7200t2X+C72tanx+C—2(seczx 1)+C—Zsecx+Cl
53. fcotzxdx=f(csc2xfl)dx= —cotx — x+ C 55. f(x)=fcos§dx=25in§+c

Sincef(0) = 3=2sin0+ C,C = 3. Thus,

f(x) = Zsing + 3.

57 u=x+2,x=u—2,dx=du

Jxﬁdx= j(u— 2)J/udu

= j (U¥/2 — 2u*/2) du

2 4
:75/2_73/2_’_(:
5 3l

3/2
= %(w 10+ C

= 2x+ 2973+ 2) - 10] + C

_ é 3/2 _
= 15(x+ 2)%2(3x — 4) + C

5. u=1—-—x,x=1—-udx= —du

fxz 17xdx=ff(1fu)2ﬁdu

—f(ul/2 — 2082 + u¥?) du

2., 4 2
:_7/2_,5/2_;’_77/2_’_
(Su 5u 7u ) C
2u¥/2
= —E(35 — 42u + 15U2) +C

= 221 X713 — 421 — ) + 1501 — %7 + C

— _i — v)3/2 2
= 105(1 X)¥/2(15x2 + 12x + 8) + C
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61. u=2xfl,x=%(u+1),dx=%du

X2 —1 o _J’[(l/2)(u+1)]2—11d
-1 Ju 2

= %fu*l/z[(u2 +2u+ 1) —4]du
1 _
= éf(u3/2 + 2uY/2 — 3u=Y?) du
_12 5/2 4 3/2 _ 1/2)
= 8(5“ + 3u 6u + C
ul/2
= E(SUZ + 10u — 45) +C
- Lgo_l[s(zx ~ 174 102x— 1) - 45] + C

= 6—10sz —1(12@ + 8x — 52) + C

= 1—15\/2x— 132 +2x—13) + C

63. u=x+1,x=u—1dx=du

—X N el C )
J'(x+1)—\/x+1dx_ u—ﬁdu
:_J(ﬁﬂ)(ﬁ—)
Ju(Vu-1)

= —J(l + uY2) du

du

=—(u+2u¥?) +C
—u—2Ju+C
—x+1-2/x+1+C
-x—2J/x+1-1+C
~(x+2/iXx+1)+C
whereC, = -1+ C.

65. Letu = x2+ 1, du = 2xdx.

j l X2 + 1)3dx = ;fl(xz DAY= [%(XZ - 1)4]14 -0

-1

67. Letu =x3+ 1, du = 3x2dx
2 l 2

f 22 /x3+ 1dx =2 - éf (@ + 1)V2(3x?) dx
1 1

]

- g[(xs " 1)3/2]2

1

4 8
=gl -2/2]=12- 52
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69. Letu=2x+ 1,du = 2dx

4 1 1 4 » ) 4_ ) )
Lﬁd’(‘éﬁ)(z“l) /(2)dx_[\/m]o_f Vies

1
71 Letu=1+ /X du=——=dx
2%

fwdx = zf(l + \&)*2(

73. u=2—x,x=2—-udx= —du

1 9

2V

2
14+ Jx

o2

1

Whenx =1,u=1.Whenx=2,u=0.

2 0 0 2 2..1° 2 2] 4
x—-DV2—xdx= [ —[2-u) —1Vudu= | (U¥2—u)du= [fu5/2 - fu3/2] = —[f - f] =
L L ) 5 3 I 5 3] 15
/2 /2
2 _[3. (2 _3(V/3) _3/3
75.fo cos<3x>dX—[25|n<3x)]o —2< 2)— 4
77.u=x+1,x=u—1dx=du
Whenx=0,u=1.Whenx=7,u= 8.
7 8
Area:jx3/x+ldx:f(u—l)§/adu
0] 1
8
3 3 8 384 3 3 1209
— 4/3 _ 1/3 — 2,73 _ 2,43 — (2°F _ (22 e
J;(” u¥") du [7” 2" ]1 <7 12) (7 4) 28
79.A=f(Zsinx+sin2x)dx=—[2cosx+%cost] =4
0 0
2m/3 2m/3 27/3
X x\(1 X
8l. Area = » sec2<2> dx—ZL/2 se02<2>(2) dx = [2tan<2>]ﬁ/2 =2(/3-1)
X 10 ! 144 3 )
83 | ——=dx=3333="—+ 85 | x/Xx—3dx=288="—"— 87. <0+Cosf)d9~7.377
5= ; J = : J (o g
3

15

5

/

89. f(zx—1)2dx=%f(2x—1)22dx=%(2x—1)3+c1=gx3—2x2+x—%+c1

J(Zx—l)zdx=f(4x2—4x+ 1)dx=grx3—2x2+x+c2

1

They differ by aconstant: C, = C, — 6
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91.

95.

97.

99.

101.

105.

f(x) = X3(x2 + 1) is even.

93. f(x) = x(x2 + 1)%isodd.

2 2 X5 X3
J X2(x2 + 1) dx = 2f (x*+ x3) dx = 2[—+—]
-2 0
%82
5 3 15
X3

2 2
f X2 dx = [—] = §; the function X2 is an even function.
o 3o 3

0 2 8
(a)J x2dx=Jx2dx=f
2 o 3

2 2 8
(C)f (—x2) dx = —J 2ax = —2
Y 0 3

2
f X(x2+ 1%dx=0

0 -2

2 2
(b) J X2 dx = 2f x2dx=E
., 3

0

0 2
(d) f 3x2dx:3j x2dx = 8
-2

0

4 4 4 4 4
f (x3+6x2—2x—3)dx=f (x3—2x)dx+f (6x2—3)dX=0+2f(6x2—3)dx=2[2x3—3x] =232
-4 -4 —4 0 Y

Answers will vary. See “Guidelines for Making a Change of Variables’ on page 292.

2
dv k
= X2 2 2 2 4y = av__r
f(x) = x(x2 + 1)2is odd. Hence, fizx(x + 1)2dx = 0. 103. at 12
k k
V(t) = fmdt = —m + C
V(0) = —k + C = 500,000
V(1) = — 2k + C = 400,000
Solving this system yields k = — 200,000 and
C = 300,000. Thus,
200,000
V(t) = T+ 1 + 300,000.
When't = 4, V(4) = $340,000.
b b
— [74.50 + 43.75 sinlt] dt = i[74.50t _ %625 coslt]
b—aj, 6 b—a T 6 la
3
) ;[74.50'[ _ 2625 coslt} = 1<223.5 + @) =~ 102.352 thousand units
3 T 6o 3 T
6
(b) 1[74.50t _ %25 coslt] = 1<447 + 2625 223.5) ~ 102.352 thousand units
3 T 6]z 3 T
1 262.5 at|? 1 2625 2625 )
(© E[74.50t Bl COSE]O = E(894 I + 7> = 74.5 thousand units
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1 (" 1 1
107. F [2sin(607t) + cos(1207rt) ] dt = b_ a[_f cos(607t) + 120~

sin(lZOwt)}:
€Y 1 /601) — [ 33 cos(607rt) + t stn(1207rt)]l/60 = 60[<%+ 0) (_ % >] 4 1 o73amps

1 1 1
®) @/240) = 0[_Er°05(60”t) " 0n

4 _
antizomy ]| 2] (-2 ) - ()]

_ 727(5 ~ 2/2) ~ 1.382 amps

(© W[ 31 cos(607rt) + l sm(lZOwt)] g 30[(3377) - (,Wlwﬂ = 0 amps

109. False

f(2x+ 1)2dx=%f(zx+ 1)22dx=%(2x+ 1%+ C

111. True

10 10 10

(bx2+d)dx=0+2f (bx2 + d) dx
0

10
f (ax3+bx2+cx+d)dx=f

—10 —10

(ax® + cx) dx + f
—10
Odd Even

113. True

4Jsinxcosxdx= 2f§n2xdx= —cos2x + C
115. Letu = x + h,thendu = dx. Whenx =a,u=a + h.Whenx = b, u = b + h. Thus,

b b+h b+h
ff(x-irh)dx:J f(u)du=J' f(x) dx.

a a+h a+h

Section 4.6  Numerical Integration

2 1.7 8
1. Exact: f x2dx = [fx3] = _ =~ 2.6667
0 3 o 3
2 2 2
Trapezoidal: X2 dx = 1[0 + 2(1) + 2(1)2 + 2<§> + (2)2] _u 2.7500
0 4 2 2 4
2 1 1\2 3\2 8
Simpson'’s: X2 dx = 7[0 + 4(7) + 2(1)2 + 4<7> + (2)2] =~ =~ 2.6667
o 6 2 2 3
2 X4 2
3. Exact fx3dX:[f] = 4.000
o 4 o
2 3 3
Trapezoidal: f X3 dx = %[o + 2(%) + 2(1)3 + 2@) + (2)3] =17 _ 42500
0]
2 3
Simpson’s: f X3 dx = %[o + 4(1) + 2(1)3 + 4(2) (2)3] %4 = 4.0000
0
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11.

13.

2 l 2
Exact: j x3dx = [fx“] = 4.0000
o 4 o
2
. 1 1)\3 2\3 3\3 5\3 6\3 7\3
. 3 ~ = = = e 3 el hd L —
Trapezoidal: fox dx 8[0+ 2(4) + 2(4) + 2<4> + 2(1)°% + 2<4> + 2(4) + 2(4) + 8] 4.0625
2
_ 1 1)\3 2\3 3\3 5)\3 6)\3 7\3
(. 3 ~ = = = 3 = = — =
Simpson’s: Lx dx 12[0 + 4<4> + 2<4) + 4(4) + 2(1)3 + 4<4> + 2<4> + 4(4) + 8] 4.0000
9 9
Exact: J Uxdx = Fx?ﬂ] —18-0_38_ 1r6667
4 3 s 3 3
] - o - - _ o _
o -2 37 21 ar 26 s7 31 67
Trapezoidal: L\fxdx~16[2+2\/8 +2\/4 +2\/8 +2\/4 +2\/8 +2\/4 +2\/8 +3]
~ 12.6640
. - _ _ -
Simpson's: \/}dXxi 2+ 4\/5 + /21 + 4\/£+ J26 + 4\/g+ 31+ 4\/g+ 3| = 12.6667
B 24 8 8 8 8
Exact: Zédx:[_i]i ol et
’ ;L (x+1)? X+ 11 3 2 6 '
2
o 1 11 1 1 1 1
Trapezoidd: L(x Tt~ dwa ) Awr )t dem ) ol
/1 32 8 32 1
B 8(4 TR T 9> =~ 01676
2
. = 1 11 1 1 1 1
Simpson's: L(x T 12[4 " 4(((5/4) T 1)2) * 2(((3/2) ¥ 1)2) * 4(((7/4) ¥ 1>2) * 9]
1/1 64 8 64 1
2
Trapezoidal: f 1+ @dx = %[1 +2J/1+ (1/8) + 22 + 2/1 + (27/8) + 3] ~ 3.283
0
2 1 . _ N
Simpson'’s: j J1+x3dx = 6[1 + 41+ (1/8) + 2/2 + 41 + (27/8) + 3] = 3.240
0

Graphing utility: 3.241

1 1
J X1 = xdx = J VX1 = x) dx

0 0

1
- - 1 /i, _1 /i, -1 /3(1_3) |~

Trapezoidal: L VX = x) dx = 8[0 +2 4<1 4) +2 2(1 2) +2 4<1 4>] 0.342
. N g 1 \/1 1 \/1 1 \/3 3
Simpson’s: fo\/x(l—x)dx~50+4 Z<1—2>+2 E(l—§>+4 Z(l—z> ~ 0.372

Graphing utility: 0.393
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15.

17.

19.

21.

25.

. _ _
Trapezoidal: f cos(x?) dx = 7/2 cos0 + 2 c:os(%p)2 +2 cos(%/z)z +2 cos<7'z/2>2 + cos<\/§>2

8
=~ 0.957
Va2 /—5| / 2 / 2 / 2 2|
Simpson’s: cos(x?) dx =~ ~m/2 cosO + 4cos<ﬂ) +2 cos<ﬂ> + 4005<L/2> + co! \/ZT
o 12 4 2 4 2
~ 0.978

Graphing utility: 0.977

1.1
Trapezoidal: j sinx? dx = 8—10[sin(1) + 2sin(1.025)2 + 2€in(1.05)2 + 2sin(1.075)2 + sin(1.1)2] =~ 0.089
1

11
Simpson’s: j sinx? dx = 1—;0[9 n(1) + 4sin(1.025)2 + 2sin(1.05)2 + 4sin(1.075)2 + sin(1.1)?] =~ 0.089
1

Graphing utility: 0.089

/4
o _m T T 27 27 37 37 |
Trapezoidal: fo Xtan x dx = 32[0 + 2(16) tan(16> + 2(?6) tan<—16> + 2<—16> tan(—ls) + 4] 0.194

/4
i - ~ T T tan( T 2m\ (27 31\ n(37) 4 7| <
Simpson’s: fo Xtan x dx = 48[0 + 4(16) tan(16> + 2( 16) tan< 16> + 4< 16> tan( 16) + 4] 0.186
Graphing utility: 0.186
@ v 23, f(x) =x3
f(x) = 3x?
y=f(x) f//(x) = Bx
f7(x) = 6
f(4)(x) =0
a b * . (2 - 002 .
(@) Trapezoida: Error < 2@ (12) = 0.5since
The Trapezoidal Rule overestimates the area if the graph
of the integrand is concave up. f7(x) ismaximum in [0, 2] when x = 2.
- o 2-0° . _ .
(b) Simpson's: Error < 180(2%) (0) = Osince

f@(x) = 0.

f(x) = %in [1,3]

@ |f(x)| ismaximumwhen x = Land |f"(1)| = 2.

23
12n?

Trapezoidal: Error < (2) < 0.00001, n? > 133,333.33, n > 365.15; let n = 366.

Mw=%muﬂ

(b) |f“@X)| is maximum when x = 1 and when |f@(1)| = 24.

25

Simpson’s. Error < 180

(24) < 0.00001, n* > 426,666.67, n > 25.56; let n = 26.
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27. f(x) = V1 + x
1

@ f(x) = —Win[o, 2].

|f7(x)| is maximum when x = 0 and |f(0)| = %,

Trapezoidal: Error < 128n2<%1> < 0.00001, n2 > 16,666.67, n > 129.10; let n = 130.
) 19 = 155 7 g7z n[0.2]

|f@(x)| is maximum when x = 0 and |f“(0)| = %

Simpson’s. Error < 32 <15

fond 4 . —
1807 16> < 0.00001, n* > 16,666.67, n > 11.36; let n = 12.

29. f(x) = tan(x®)
(@ f"(x) = 2sec?(xd)[1 + 4x2tan(x®)]in [0, 1].
|£7(x)| is maximum when x = 1 and |f”(1)| = 49.5305.

(1-08
12n?

(b) F@(x) = 8secX(x)[12x2 + (3 + 32x*) tan(x?) + 36x? tan?(x?) + 48x* tan®(x?)] in [0, 1]
[f@(x)| is maximum when x = 1 and |f#(1)| =~ 9184.4734.

Trapezoidal: Error <

(49.5305) < 0.00001, n? > 412,754.17, n > 642.46; let n = 643.

1-0°
180n*

Simpson's. Error < (9184.4734) < 0.00001, n* > 5,102,485.22, n > 47.53; let n = 48.
3L Letf(x) = A3+ Bx2 + Cx + D. Thenf@(x) = 0.

(b - ap®
180n*

Simpson's. Error < 0)=0

Therefore, Simpson’s Rule is exact when approximating the integral of a cubic polynomial.
' 1 1\ 1
Example: J;x dx = E[O + 4(5) + 1] =2

Thisis the exact value of the integral.

33. f(x) = V2 + 3x2on|[0, 4].

n L(n) M(n) R(n) T(n) Sin)
4 | 12,7771 | 15.3965 | 18.4340 | 15.6055 | 15.4845
8 | 14.0868 | 15.4480 | 16.9152 | 155010 | 15.4662
10 | 14.3569 | 15.4544 | 16.6197 | 15.4883 | 15.4658
12 | 145386 | 15.4578 | 16.4242 | 15.4814 | 15.4657
16 | 14.7674 | 15.4613 | 16.1816 | 15.4745 | 15.4657
20 | 14.9056 | 15.4628 | 16.0370 | 15.4713 | 15.4657
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35. f(x) = sin/xon [0, 4].

n | L M(n) R(n) T(n) Sin)
4| 28163 | 35456 | 3.7256 | 3.2709 | 3.3996
8| 31809 | 35053 | 3.6356 | 3.4083 | 3.4541

10 | 3.2478 | 34990 | 3.6115 | 3.4296 | 3.4624

12 | 32909 | 34952 | 35940 | 34425 | 3.4674

16 | 33431 | 34910 | 35704 | 34568 | 3.4730

20 | 33734 | 34888 | 35552 | 34643 | 3.4759

w2
37. Azf Jx cosx dx
0

Simpson'sRule: n = 14

T T T T T 37 3 \/
~ + —cos— + “cos— + =tcosso + o+ /- cos
L VX cosx d 84[\@(:080 4\/28 cos 28 2 14 cos 14 4\/28 cos 28 2 cos 2]

~ 0.701

Nl

X

A

5
39. W= f 100x~/125 — x3dx
0

Simpson’'sRule: n = 12

5100x\/125 “Rdx~ >0+ 4oo(i> \/ 125 — (§>3 + 200(1—0) \/ 125 — (1—())3
3(12) 12 12 12 12

0

15 15\3
+ 400(5) 125 — (E) + -+ 0] =~ 10,23358ft - Ib

dx Simpson'sRule,n =6

1/2
41 j _5
o V1-— e

1
-0
<23(6) ) [6 + 4(6.0209) + 2(6.0851) + 4(6.1968) + 2(6.3640) + 4(6.6002) + 6.9282]

T =

1
~ 55[113.098] ~ 3.1416

43. Area~ %[125 + 2(125) + 2(120) + 2(112) + 2(90) + 2(90) + 2(95) + 2(88) + 2(75) + 2(35)] = 89,250 g m

t
45.fsin xdx=2,n=10
0

By trial and error, we obtaint = 2.477.



