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CHAPTER 5
L ogarithmic, Exponential, and Other Transcendental Functions

Section 5.1  The Natural Logarithmic Function: Differentiation
Solutions to Odd-Numbered Exercises

1. Simpson’sRule: n = 10

X 05 15 2 25 3 35 4
X
f %dt —0.6932 | 04055 | 0.6932 | 0.9163 | 1.0987 | 1.2529 | 1.3865
1
0.5 1
Note: f %dt = —f %dt
1 0.5
3. (@) In45 = 3.8067 5. (@ In0.8 = —0.2231
451 0.81
(b) j —dt =~ 3.8067 (b) —dt = —0.2231
1 t 1 t
7.fx)=Inx+ 2 9.fx) =In(x—1)
Vertical shift 2 units upward Horizontal shift 1 unit to the right
Matches (b) Matches (&)
11. f(x) = 3Inx 13. f(x) = In2x 15. f(x) = In(x — 1)
Domain: x > 0 Domain: x > 0 Domain: x > 1
y y y

17. (& In6 = In2 + In3 ~ 1.7917 19. In5=1In2-1In3
(b) In2 =In2—In3~ —0.4055
(©) In81 =1In3*= 4In3 = 4.3944
(d) In/3=1n3"2=1In3 ~ 05493

21. Inx—zy =Inx+Iny—Inz 23. InFaz2+ 1= In@ + H)¥3 = % In(a2 + 1)

218



Section 5.1  The Natural Logarithmic Function: Differentiation

219

25.

29.

31

33

35.

39.

49.

53.

57.

2 _ 3
In(x & 1) = J[In(x2 — 1) — Inx3] 27. Inz(z— 12 =Inz + In(z — 1)?
= —+ —_
— Fnx + 1) + In(x — 1) — 3Inx] Nz +2inz - 1)
X—2
In(xfz)fln(x+2)—lnx+2
1 e — 1] = L XX 32 /XX 32
3[2In(x+3)+|nx In(x 1)]—3In 2 — 1 =In 1
.2In3—lln(x2+l):In9—ln\/x2+ :Ini
2 Ve +1
3 37. lim In(x — 3) = —o0
f=g X - 3%
0/ 9
-3
Iin; IN[X3(3 — x)] = In4 = 1.3863 41, y=Inx®=3Inx
L
,_3
' =X
At(1,0),y" =3.
. y=Inx2=2Inx 45. g(x) =Inx2=2Inx 47. y = (Inx)*
,_2 () = 2 dy _ 3(1)_4(””()3
y' =5 9 = o~ A3 ) ==
At(1,0),y’ = 2.
y =Inx/% — =Inx+%|n(x2—1) 51. f(x)=|nx27)jrlzlnx—ln(x2+1)
g:;+;( 2x ): 2¢ -1 f’(x):l— x _1-x
dxk x 2\x-1 X(x2 — 1) X X+1 x(R+1)
g(t)=|?7t 55. y = In(Inx®)
201/8) — _ dy_1.d, o @) 2 1
g’(t)=t(1/t)t42“nt=1 tﬁ'”t dx Inx2dx|nx) In X2 xInx2  xInx
/ 2
y=In X+1:1[In(x+l)—ln(x—l)] 59. f(x)=lnﬂ=lln(4+x2)—lnx
x—1 2 X 2
dy 1[ 1 1 1 x 1 —4

fi(x) =

dx_E[x+1_x—J:1—x2 4+ x X0+ 4
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— /%2
6l y= ++1 +1In(x + @+ 1)
@_—x(x/ 2+ 1)+ x2+1+ 1 1+ X
dx X2 /52 e+ 1
_ 1 N 1 VX +14x 1 1+ A+
R+ 1 \x+ U@+ 1 ¥+ 1 \/XZT N N e
! COS X
63. y = In|sinx| 65. y=1In oS x — 1‘
dy cosx _
ax  Snx  cotx = In|cos x| — Injcosx — 1]
dy —sinx__—sinx _ tenx 4+ sinx
dx cosx cosx— 1 cosx — 1
67. yzlnﬁ 69. f(x) =sn2xInx2 = 2sin2xInx
. 1
=In|—1+ sinx| — In|2 + sinx f'(x) = (ZSHZX)<;> + 4cos2xInx
dy  cosx COS X 2
dx —1+snx 2+ snx =;(sin2x+2x0052xlnx)
_ 3 cosx 2
T (@nx— )@Enx + 2) = ;(sm 2x + x cos 2xIn x?)
7. (@ y=3—-1Inx (1,93 (b) 4
1.3
Q: 6x—1 \—/l
dx X -1 2
d
Whenx:l,d—izs. L
Tangent line: y — 3 = 5(x — 1)
y=5—2
O0=5x—-y—-2
73. - 3lny+y?=10 75. y=2(Inx) + 3
3dy dy 2
e A [—
B y dx 2ydx y X
dy i _2
& &<y_2y> YT e
dy _ ox 2y Xy +y = (—%)-ﬁ-%:o
dx  (3/y) -2y 3-2%?
2
77.y = XE —Inx
Domain: x >0
y’=x—1=w=OWhenx=1. o 5
X X 0
y’=1+ % >0

Relative minimum: (1, %)
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79. y = xInx 2

Domain: x > 0 /
0 — :

y' = x(%) +Inx=1+Inx=0whenx = e L

(G
-1
y//: % > 0
Relative minimum: (e %, —e™1)
X
81. y = m 4 ; e
Domain: 0 < x < 1,x > 1 o i 9
,_ (X)) ~ Q@/X) _Inx—1 _ _ |
y= (Inx)? = (nxz ~ Owhenx=e .
,_ (nx2(1/x) — (Inx = D(2/x)Inx 2 —Inx _ o
y’ = Inx? = Xinx? Owhenx = e2
Relative minimum: (e, e)
Point of inflection: (€2, €2/2)
83. f(x)=Inx, f(1)=0 The values of f, P;, P,, and their first derivatives agree at
1 x = 1. The values of the second derivatives of f and P,
fy) — = (1) — reeat x = 1.
o =5 1) =1 g
1 2
f(x) = @ f7(1) = -1 —
-1 5
P,X) =f(1) + fF()(x—1) =x—1, P(1)=0 ?/ \D
P = £(1) + P — 1) + 2 1(1)(x — 17 2
1
=x—-1 - E(X - 12 P() =0
P,/® =1 P,(1)=1
PX) =1—-(x—1)=2-x%x P,/(1)=1
P,/X) = -1, P,(1) = -1
85. Find x such that Inx = —x. 87. y=xv/x¥ -1
f69 = (Inx) +x=0 Iny=|nx+%|n(x2—1)
() — L
- 2 _
f(x,) 1-1Inx, yid o x xi -1
Xn+l:Xn_f/(X):Xn I+ x, dy [ZXZ—l]_ZXZ—l
n x xe-1]" Se-1
n 1 2 3
Xy 0.5 0.5644 0.5671

f(x,) | —0.1931 | —0.0076 | —0.0001

Approximate root: x = 0.567
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X2 /3x — 2

8. y=TT1e

Iny = 2Inx+%|n(3xf 2) — 2In(x — 1)

<dy) 2, 3 2
dx 23x—2) x-—1

dy _ [ 3x? — 15x + 8 ]
ax Y 2xGx - 2)(x - 1)

_ 3x3 — 15x2 + 8x
2(x — 1)3/3x — 2

93. Answers will vary. See Theorem 5.1 and 5.2.

97. (@ f(1) #f(3

91 :M
X+ 1
3 1
Iny=Inx+ ZIn(x — 1) — ZIn(x + 1)
2 2
sla) = slte) el a)
yldx/  x  2\x—1) 2\x+1
d_y2, 3 1]
dx 2[x x-1 x+1
X[4x2+4x—2]:(2x2+2x—1)\/x—1
2] x(x¢-1) (x + 1)3%2
95. IneX = x because f(x) = Inxand g(x) =

are inverse functions.

(b) f/(x)=1—§=0forx=2.

| 10 |
99, B= 10|0910(10716> =i 10|n(10*16) n 1OLInI + 161n10] = 160 + 10log,, |
10 10
B(10710) = [In 1070 + 161In10] = n 10[ 10In10 + 161n10] = —[6In 10] = 60 decibels

101. (a) You get an error message because In h does not exist

forh=10
(b) Reversing the data, you obtain
h = 0.8627 — 6.4474In p.

© 2

103. (a) f(x) = Inx, g(x) = /X

25

0 500
0

00 = o =~

Forx > 4,g’(x) > f/(x). gisincreasing at afaster rate
than f for “large” values of x.

(d) If p=0.75 h = 2.72 km.
(e) If h =13 km, p = 0.15 atmosphere.
(f) h=0.8627 — 6.4474Inp

—6.4474 é dp (implicit differentiation)

do__p
dh  —6.4474

For h = 5, p = 0.55 and dp/dh = —0.0853 atmos/km.

For h = 20, p = 0.06 and dp/dh = —0.00931 atmos/km.

As the atitude increases, the rate of change of pressure
decreases.

(b) f(x) = Inx, g(x) = ¥x

15

0 20,000

/| —_ ; /| —_ 1

f(X)f Xag(x)74é/)?

For x > 256, g’(x) > f(x). gisincreasing at a faster rate
than f for “large” values of x. f(x) = In x increases very
slowly for “large” values of x.
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105. False
Inx + In25 = In(25x) # In(x + 25)

Section 5.2

1. j§dx:5f1dx:5ln|x| +C
X X

5, u=3-2x,du= —2dx

1 1 1
fsf ox &= _Efsf ox( 2 o

——Zinf3 -2 + C

2 _
9. fx 4dx=f(xfé>dx
X X

X2
E —

4In|jx| + C

2 _
13. X—XT <2 3X+2dx= <x74+ 6 )dx
X+ 1 X+ 1

X2
=§—4x+6ln|x+1|+C

X+ x—4 X
(e — = 2
17.J 212 dx f(x 2+X2+2>dx

x3

3

—2x+%|n(x2+2)+C

2. u=x+ 1,du = dx

J 1 dx=f(x+1)‘l/2dx
x+1
=2(x+ 1¥2+C

=2Jx+1+C

The Natural Logarithmic Function: Integration

3. u=Xx+1du=dx

J 1 dx=Inx+ 1] +C
X+ 1

7. u=x2+1,du= 2xdx

X 1 1
fx2+1dX:§J’X2+1(2X)dX

=%In(x2+ H+cC

=In/x¥+1+C

11 u=x3+ 3x2 + 9%, du = 3(x2 + 2x + 3) dx

JX2+2X+3 _1f3(x2+2x+3)dx

X = =
x3 + 3x2 + 9X 3] X3+ 3x2 + 9x

= %In|x3 + 32+ 9| +C

3 2
15 (X235 <X2+ 5 )dx
X—3 X—3

X3
)

+5Injx -3 +C

19. u = Inx,du=%dx

J(Inxx)z dx = %(In X%+ C

2 2Xx—2+2
23. J(x — 1y dx = x— 12 dx

_[2x-1) 1
_j(x— 1)de+2f(x_ l)zdx
1 1
:ij_ldx+2fmdx

2
x—=1)

=2Injx—1| - +C
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— 1
5. u=1+ /2, du=——=dx O (u—1)du=dx
o~ ( )

frmn- 5w flo- Yo

u-—Inul +C,
(1+v2X) — 1+ V24 + ¢,

= /2x-In(1+ /2x) + C
whereC = C, + L.

— 1
27.u= /x—3,du=—=dx O 2(u+ 3)du=dx
2 ( )

2 2
fixdx:zfmdu:szdu:zf<u+6+ )du
JX—3 u u
—2[2 +6u+9|n|u|]+C =W+ 12u + 18Inju| + C,
= (Vx - 3P+ 12(Vx - 3 + 18In| Vx — 3 + C,

X+ 6/x + 181In//x — 3| + CwhereC = C, — 27.

20, J0039d9—|n|sin0|+c 3L Jcchxdx=%J(CSCZX)(2)dX

(u = sin 6, du = cos 6 do) :—%In|c302x+cot2x|+c

33 |2 gt =1+ sint] + C 35, | XX g — Injsecx — 1 + C
1+ sint secx — 1
3
37. y= = de 10 39. s= [tan(260) do 0.2 4
=—3fx_2dx 10 - =Eftan(29)(2d0) BENPAF NN
— 1 TR
=-3Inx—-2|+C — = —Eln|cosze| +C -

:0=—- - 2|+ =
(1,0:0=-3In1-2/+Cc0 C=0 0,2: 2= —%In|cos(0)| +CcO Cc=2
y=—3In|x — 2|

s= —%In|00529| +2

y (b) y=fxi2dx=ln|x+2|+c 3

yOo)=10 1=In2+C0O C=1-1In2 - {‘f

X+ 2

Hencey =Injx+ 2| +1—1In2=1In

> ’+1. -3




Section 5.2 The Natural Logarithmic Function: Integration 225

L5 S ) Inx du = =d
. =z + 45. u=1+ Inx du==dx
43 L3x+1dx [Sln|3x 1|]O X
e e
5 (1 + Inx)? [l ] 7
= — ~ - =|=(1+ 3 —
3/n13~ 4275 L =3+ Inx? =3
2,2 2 21 _ 2
X¢ — 2 1 1— cos# .
47.f0x+1dxffo<x—l—x+1)dx 49'J;0—sin0d0_[ln|0 sm(9|]l
N EAV 2 _pl2=sn2| _
—[Zx X In|x+1|]0— In3 —Inl_sinl 1.929
1
51. —In|cosx| + C = In|——=| + C = In|secx| + C
CoSX
+ _ %CZ _ 2
53. In|secx+tanx|+C=In(S€CX tan x)(sec x tarlX)|+C=Inw +C
(secx — tanx) | SecX — tan X
1
=Inf——""—-—-| + C= —In|secx —tanx| + C
secx — tanx
1
55. dx =21+ Vx) —2In(1+ V/x) + C
[z - 2nias W e
=2 /x—In(1+ )] + CwhereC = C, + 2.
57. fcos(l—x) dx=—sin(l—x)+ C
/2 /2 ﬁ
59.f (cscxfsinx)dx=[fln|cscx+cotx|+cosx]/ =In(ﬂ+1)77~0.174
/4 /4

Note: In Exercises 61 and 63, you can use the Second Fundamental Theorem of Calculus or integrate the function.

X 3% 3% X
61. F(x) = 1dt 63. F(x):j 1d'[:j 1dt—f édt 65. y
ZLt X t 1 t lt
a1 oy o 31 27
F(x)—; F(x)—3x <=0
T
2 2
A= 125
Matches (d)
4.2 4
67.A=fx+4dx=f(x+ﬂ)dx 10
1 X 1 X
X2 4 1
==+ = (8 + - =
[2 4Inx]l (8+ 4In4) >
=15 o 6

> + 8In 2 = 13.045 square units
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2 2
X 12 X\ T
69.J02$e06dx—7703ec<6)6dx 10
= [1—2 Infsec — X4 tan— ™ ]
T 6 6 |lo
0 4
=T rtan T ‘—1—2In|1+0| °
T 3 3 T

= 1—: In(2 + V/3) = 5.03041

75. Divide the polynomials:

71. Power Rule 73. Substitution: (u = x2 + 4)
and Log Rule 2 g1
X+ 1 X+ 1
1 (*8 . [+, 1 (elnx, 1 [(mx)z]e
77. Averagevalue = 12 2dex = 4Lx dx 79. Averagevalue = e 1), x*Te_1l 2 b
11 1 (1
B [_4;]2 Ce- 1(2>
1 1 1
__4(?1_5)_1 = 555~ 0201
3000 0.25
81. P(t) = jl T 025t dt = (3000)(4)[1 T 025t dt = 12,000 In|1 + 0.25t] + C
P(0) = 12,000In|1 + 0.25(0)| + C = 1000
C = 1000
P(t) = 12,000 In|1 + 0.25t| + 1000 = 1000[12 In|1 + 0.25t| + 1]
P(3) = 1000[12(In 1.75) + 1] = 7715
1 (% 90,000 50
83. 50 — 40),, 400 + 3de = [SOOOIH |400 + 3X|]40 ~ $168.27
85. (8 2@ —y2=8 (b) y2 = e /Wi — g-Inx+C — gn(1/x)(gC) = ;k
X
yz =22 — 8
_ _ ﬂ Y1 = Z/ﬁ
v, = V22— 8 Letk—4andgraphy—x <y2=—2/\&
Y= —V/2x*—8 10

L
o

-10

N
/

-10

L

N
N

/

-10

(©) Inpart (), 2x* —y>=18 In part (b), y2:§:4x*1
aAx — 2yy’ = -4
. W=
y ==
y = —2_ - _-%y_ -y
w2 y2x2 4x 2x’

Using a graphing utility the graphs intersect at (2.214, 1.344). The slopes are 3.295 and —0.304 =

(—1)/3.295, respectively.
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87. Fase 89. True
Linx = In6a2) # (Inxv2 1
2 - J;dx =In|x| + C,

= In|x| + In|C| = In|Cx|, C# 0
Section 5.3  Inverse Functions

1. (@ f(x)=5x+1 (b)

g9 = X2t

f(g(x)) :f<x; 1) :5()(; 1> +1=x

(x+1)-1_

g(f(x) =gBx + 1) = E
3@ f=x o
a0 = ¥x

F(g09) = 1(¥x) = (¥ = x
o(1(0) = gb) = ¥ =x

5@ fx=vx—4
gx)=x2+4,x=0
fg(x) = f( + 4)
— R A A= SR =x

g(f(x) = g(v/x— 4) il / )

:(/X_4)2+4=X—4+4=x 2 4 6 8 10 12

7.@ f(x= % () y
o0 = N\
(o) = 1= X \ v
1 +

9(f0) = 75 =X

9. Matches (c) 11. Matches (a)
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1
13. f(x) =3x + 6 15. f(§) = sin @ 17. h(S):S_2_3
One-to-one; has an inverse Not one-to-one; does not have an One-to-one; has an inverse
inverse
y 1
y -4 | s
8l
-

a— )

19. f(x) = Inx 21 g(x) = (x + 5)3
One-to-one; has an inverse One-to-one; has an inverse

2 200

i 5 LA

- -50

23. fx)=(x+a3+b 25. f(x)=xz4—2x2

f(x) = 3(x + a)2 = Ofor all x.

fisincreasing on (— oo, co). Therefore, f is strictly
monotonic and has an inverse.

f’(x) =x3—4x=0whenx =0, 2, —2.

fisnot strictly monotonic on (— oo, oo). Therefore, f does
not have an inverse.

27. fx)=2—-—x—x3
f(x) = —1 — 3x% < Ofordlx.

fis decreasing on (— oo, oo). Therefore, f is strictly monotonic and has an inverse.

2. fx)=2x—-3=y 3. fx=x=y 3. f=JIx=y
X:M X:\[y x=y2
? y= ¥x y=x

f-1(x) = 5/x = x¥/5 1) =x% x=20
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3B fX=V/4—-x=y, 0<sx<2

X= V4 —y?
y=J/4-x

f-ix)=V4—x4,0<x<2

39. fX=x3=y,x=20
X = y3/2
y = x3/2

f1x)=x¥2, x=20

4

-1

The graphs of f and f ~* are
reflections of each other
acrosstheliney = x.

37 f=¥-1=y
x=y+1
y=x3+1

fi ) =x+1

2

i -1
{—j/-/-’?’ The graphsof fand f 1 are
-3

,,/J 3 reflections of each other
/g_/ acrosstheliney = x.

-2

X
41. f(X) === y
N Ly
1—y?
__J1x
N
X
=) :71{ 7 “l<x<1
2 The graphs of f and f ~* are
o reflections of each other
. s acrosstheliney = x.

45. (a) Let x be the number of pounds of the commodity
costing 1.25 per pound. Since there are 50 pounds
total, the amount of the second commodity is 50 — x.
Thetotal cost is

y = 1.25x + 1.60(50 — X)
= —0.35x + 80 0 < x < 50.
(b) We find the inverse of the origina function:
y = —0.35x + 80
0.35x=80—vy
X =3280 — y)
Inverse: y = 22(80 — x) = 2(80 — ).
X represents cost and y represents pounds.
(c) Domain of inverseis62.5 < x < 80.

(d) If x = 73 intheinverse function,
y = %(80 —-73) = % = 20 pounds.
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47. f(x) = (x — 4)20n[4, o)
f(x) = 2(x — 4) > 0on (4, )

fisincreasing on [4, o). Therefore, fis strictly
monotonic and has an inverse.

51. f(x) = cosxon|O, 7]

f(x) = —sinx < 0on (0, m)

49. f(x) = %on (0, o0)

, 8
f(x) = e < 0on (0, c0)
fis decreasing on (0, oo). Therefore, fis strictly
monotonic and has an inverse.

f is decreasing on [0, 7r]. Therefore, f is strictly monotonic and has an inverse.

53. =5 p=yon(-22

X2y — 4y = x

Xy—x—4y=0
a=yb=-1c= -4y
= 1+ /1 - 4Ay(—4y) _1xJ1+ 16y?

2y 2y
v = VT 180)/2x, ifx#0
y_fl(x)_{ 0, ifx =0
55. (a), (b) 6

10

_.)L—

4

(c) Yes, fisone-to-one and has an inverse. The inverse
relation is an inverse function.

59. f(x) = X — 2, Domain: x = 2
f(x) -1 > Oforx > 2
2Jx—2 '

f is one-to-one; has an inverse

Vx=2=y

X—2=y2
X=y>+2
y=x>+2

f-i(x)=x2+2,x=0

63. f(x) = (x — 3)2isoneto-onefor x = 3.

x=32=y
x—3=1Jy
x=Jy+3
y=x+3

f71x) = /x+3 x20

(Answer is not unique)

Domain: all x
Range —2 <y <2
2 The graphs of fand f ~* are

reflections of each other
. f , acrosstheliney = x.

57. (@), (b) 4

N

-4

(c) gisnot one-to-one and does not have an inverse.
Theinverse relation is not an inverse function.

61 f(x) =[x — 2|,x < 2
=—-(x—2)
=2-X
f is one-to-one; has an inverse
2-x=y
2—-y=X
f7ix)=2—-x,x=0

65. f(x) = |x + 3| isone-to-onefor x = —3.

X+3=y
XxX=y—3
y=x-3

f-i(x) =x—3, x=20

(Answer is not unique)
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67. Yes, the volume is an increasing function, and hence 69. No, C(t) is not one-to-one because long distance costs are
one-to-one. The inverse function gives the time t step functions. A call lasting 2.1 minutes costs the same as
corresponding to the volume V. one lasting 2.2 minutes.

71. fx)=x+2x—-1,f()=2=a 73. f(x)=sinx,f(%)=%=a

f(x) =32+ 2
f/(x) = cosx
1 1 1 1
H() = —— = - = =
(f ) (2) f'(f_l(Z)) f/(l) 3(1)2 + 2 5 (f*l)’<1> — 1 _ 1 _ 1
2 f(f-%1/2) f(w/6) cos(w/6)
__1 243
J3/2 3
4
75. f(x)=x3f;,f(2)=6=a
, 4
f(x) = 3% + 2
1 1 1 1
)16 = ———— = .
(90 = tt-36) "7 ~ 327+ @2 13

77. (a) Domainf = Domainf 1 = (— oo, c0) 79. (a) Domainf = [4, c0), Domainf~1 = [0, c0)

(b) Rangef = Rangef 1 = (— oo, o0) (b) Rangef = [0, o0), Rangef 1 = [4, c0)

©
12+ f -1
10+

(d) f(x) =, (% %) (d) f(x) = V/x— 4, (51)
f(x) = 3x? f(x) = S -
2JUx — 4
(1) 3
o) -3 5 = 5
F10 = ¥x (% %) F10) = 2 + 4, (1,5)
. 1 (fﬁl) /(X) = 2X
(™ =355 (F91Q) = 2

wlihd w

-
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8l x=y -7y +2

dy dy
— a2 et
1 3de 14ydx
dy 1 a1 -1
dx_3y2—l4y'At( 4‘1)‘dx_3—14_ 11°

Alternate solution: let f(x) = x3 — 7x2 + 2.
Thenf(x) = 3x2 — 14xand f/(1) = —11.

dy_ 1 _ -1

Hence, 4 = —11 = 11

In Exercises 83 and 85, use the following.
f(x) = %x — 3and g(x) = x8

f=(x) = 8(x + 3)and g~x) = ¥/x
83 (fteg™MD) =fYg X)) =f"41) =32 85. (f~1.f-1)(6) = f(f~16)) = f~72) = 600

In Exercises 87 and 89, use the following.

fx)=x+4andgx) =2x -5

f~x) =x —4and g~(x) = X Z >
87. (g7tef " H(x) =g f1x) 89. (f-g)(x) = f(g(x)
=g x—4 =f(2x — 5)
:70“‘2‘)*5 —(2x—5) +4
_x+1 =x-1
2 Hence, (f-g)~1(x) = X; 1
(Note: (fog)l=glof?
91. Answerswill vary. See page 335 and Example 3. 93. y = X2 on (— oo, oo) does not have an inverse.
95. fis not one-to-one because many different x-values yield 97. Let (fog)(x) = ythenx = (f-g)~(y). Also,
the same y-value.
Example: £(0) = F(m) = 0 (fe@(x) =y
ample: = =
P § H(gx) = y
Not continuousat@, where nis an integer gx) = f~y)

x =g H(f4y)
=gty

Since f and g are one-to-one functions,
(fegt=gteft

99. Suppose g(x) and h(x) are both inverses of f(x). Then the graph of f (x) contains the point (a, b) if and only if the
graphs of g(x) and h(x) contain the point (b, a). Since the graphs of g(x) and h(x) are the same, g(x) = h(x).
Therefore, the inverse of f(x) is unique.
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101. False

Letf(x) = x2

105. Not true
X, 0O0<sx<1
1-%x 1<x<g2

Let f(x) —{

f is one-to-one, but not strictly monotonic.

Section 5.4

1. =1
InL=0

7 e =12
X =1In12 = 2.485

11. 50e % = 30
3
-x = =
€75

15. In(x — 3) = 2
X—3=¢
X =3+ € = 10.389

In2 = 0.6931

103. True
107 f(x):fXL f(2) = 0
' , J1+t? B
o 1
="

PO S 1
(0= =y~ VY

Exponential Functions: Differentiation and I ntegration

5 énx =4
€0693L.. — 2 X =4
9.9-2e=7
=7
e=1
x=0
13. Inx =2
X = € = 7.3891
17. In/x+2=1
IXx+2=¢el=¢e
X+2=¢€
X=e —2=5389
2L y=¢e*

Symmetric with respect to the y-axis
Horizontal asymptote: y = 0

y

P
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23. (d) 7

-1
Horizontal shift 2 units to the
right
25. y = CeX
Horizontal asymptote: y = 0
Matches (c)

29. f(x) = e

gix) = Inyx = %Inx

33. 3

-1

(b)

3 (© 7

-E::: :
-2 4

\ . .

—3 -1

Vertical shift 3 units upward
and areflection in the y-axis

A reflection in the x-axis and a
vertical shrink

27. y=C(1 — e )
Vertical shift C units
Reflection in both the x- and y-axes

Matches (a)

3L f(x) =e—1
gx) = In(x + 1)

y

As X - oo, the graph of f approaches the graph of g.

lim (1 + %)X — s
X — o0 X
37. (Q y=¢eX
y’ = 3eX
At(0,1),y’ = 3.

39. f(x) = e

f/(x) = 2

45. gt) = (et + &)
g't) =3 t+e)e—et)

2 ¢]
2 Jl 6 *
35 (1 + #>1‘°°°‘°°° ~ 2718280469
' 1,000,000 o
e~ 2718281828
S (l N 1 )1,000,000
€ 1,000,000
(b) y=e*
y' = —3e
At(0,1),y’ = —3.
41, f(x) = e 2+* 43 y=eX
Q/ — _ — 2X + X2 diy _ e\/;
dX—Z(x e &~ 275
47. y=Ine’ =x2 49. y=In(1+ e>)
dy diy _ 2e
dx o dx 1+ e
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51. Y=o = 2(e* + e X)L 53. y=x%&—2xe+ 28 =¢e(xX2 — 2xX + 2)
e*X
dy
=e(2x — 2) + &% — 2x + 2) = x%&
dy o + eX)-2(ef — &%) i (2x — 2) (x ) = X
dx
_ —2Ae—e)
(e + ex)?
55. f(x) = e > Inx 57. y=eX(sinx + cosx)
/ 1 _ (1 dy . .
f(x) =eX=) —eXInx=eX=—Inx —= = e¥{cosx — sinx) + (sinx + cosx)(eX)
X X dx
= &2 cosx) = 2e*cosx
59. xe¥ —10x+ 3y =0 61. f(x) = (3 + 2X)e=
/4 — _ — 3X —3X
Xeygy+eyflo+3%:0 f(x) = (3 + 20)(—3e ) + 2¢
= (-7 - 6xe >
d
d—)):(xey +3) =10— ¢ %) = (=7 — 6x)(—3e¥) — e~
— —3X
dy_10-¢ 3(6x + 5)e
dx xe¥+3
63. y = e(cosv/2x + siny/2x)

e(—v/2sin v/2x + /2cos v/2x) + e{cosv/2x + sin /2%

e{(1 + /2)cosv/2x + (1 - /2)sinv/2¥

"= e{- (V2 + 2)sin V2x + (V2 — 2Jcos v2{ + e{(1 + 2)cosv/2x + (1 — 2)sin /2
=e{(-1 - 2/2)sn v2x + (—1 + 2./2)cos V24

~2y’+3y=—2¢{(1 + V2)cos v2x + (1 — /2)sin /24 + 3e{cos/2x + sin /24
= e{(1 - 2v/2)cos v2x + (1 + 2/2)sin V2 = —

Therefore, —2y’ + 3y = —y” [0y’ — 2y’ + 3y = 0.

— X
65 f(x) = =€ :
— X
f(x) = et Owhenx =0
e" + eix -3 01 3
(x) = >0 0
2
Relative minimum: (0, 1)
67. gx) = ie*<X*2)2/2
V27 (2, i)
1 0.8 \/lﬁ
g/(X) = 7(X - 2)6‘_0(_2)2/2 & 05 / & 05
vam 8 «/z—n) (3@
1
X)) = —=(x — 1)(x — e~ =272 /\\
900 = —=—x ~ D(x—3) O 4
0
. . 1
Relative maximum: | 2, —— | = (2, 0.399
(2-5) - @.os
. . . 1 1
Points of inflection: | 1, ——e /2|, ( 3, e /2| = (1,0.242), (3,0.242
(1 hme2). (3 e 2] = 02 0202
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69. f(x) = x> 3
f(x) = —xPe ™+ 2x¢ X = xe X2 — x) = Owhenx = 0, 2.
7, — —_ao— w2 — —_ _:
f7(x) eX(2x — X3 + e X2 — 2x) (/o, 0 (2,/4e 2)
_ __r"‘_'_._\_\_"‘——\_
=e XX — 4x+ 2) = Owhenx =2 + /2. -1 5

S % (24v2 (61 4va)e 22V2)
Relative minimum: (0, 0)

Relative maximum: (2, 4e 2
x=2%+ 2
y= (2 + ﬂ)ze—@iﬁ)
Points of inflection: (3.414, 0.384), (0.586, 0.191)

71 gt) =1+ 2+ tet 5
(-1,1+¢
g't) = 1+ e (\@__
gr/(t) — te—t -6 I 6

Relative maximum: (—1,1 + e) = (—1,3.718)
Point of inflection: (0, 3)

73. A = (base)(height) = 2xe™** y
e = —4x2e ¥ + 287 % i
dx N

v -1

= 2e7x2(1 _ 2X2) = Owhenx = % EE (z,e 2)

-2 -1 1 2 X
A= \@e—l/z n
75 —;a>0b>OL>O
YT 1 e ' '

_L(_%‘efx/b> aibLefx/b

T 1+ ae P2 (1+ ae Vh)?

(1 + ae*/b)2 (% e*x/b> — (%e*x/b)z(l + ae*X/b)<_Tae*X/b)

(1 + ae¥/v)4
1+ aefx/b)<;a|‘efx/b) 4 2<a7|‘efx/b)<§efx/b)
b? b b

- (1 + aeg™/b)3

y” —

_ Lae¥"ag™¥/ — 1]
(14 aePR

y’=0ifae¥* =10 . In(l)D x=bhlna
b a

L L L
1+ ae®na/b 14 a(1/a) 2

y(blna) =

Therefore, the y-coordinate of the inflection point isL/2.
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77. eX=x 0O f(x)=x—¢eX

f(x) =1+ ex

f(x))
Xnr1 = Xy — f'(X:) =
X =1
.y f(x) s
X =X~ ) = 05979
oy f(xz) .
Xz = X, %) 0.5670
= 09 _ 5671

Xg = X3 — f/(X3)

We approximate the root of f to be x = 0.567.

—x X e
"o l4+ e

+1,P,0 =1

10 15 20
P 10,332 | 5,583 | 2,376 | 1,240 | 517
InP 9.243 | 8627 | 7.773 | 7.123 | 6.248
@ =
—QL_“C—\_\_‘_\_\_'_\_\_'-
-2 22
0
y = —0.1499%h + 9.3018 is the regression
line for data (h, In P).
(©) 12,000
0 22
0
83. f(x)=ev3f(0)=1
1 1
fy) = —e¥/2 §/(0) = =
f(x) 2e>< , 1/(0) 5
1 1
” — Zpx/2 §7 ==
f7(x) 4ex , 7(0) 2
1 X
Pl(x):1+§(x—0) :§+ 1,P, 0 =1
; 1., 1
P = 5P, (0) = 5
1 1 X2
= —(x — = _ 2 — =
P,(x) =1+ 2(x 0 + 8(x 0) 3 +
1 1 1
7| = x4+ = /| p—
P, (%) 4X > P,(0) 2

" 1 7 1
P = 5 P,0) = 4

79. ()

(b)

(b)

(d)

I

-2

When x increases without bound, 1/x approaches zero,
and ev* approaches 1. Therefore, f(x) approaches
2/(1 + 1) = 1. Thus, f(x) has a horizontal asymptote
a y = 1. As x approaches zero from the right, 1/x
approaches oo, e/ approaches oo and f (x) approaches
zero. As x approaches zero from the left, 1/x approach-
es — oo, e/ approaches zero, and f(x) approaches 2.
The limit does not exist since the left limit does not
equal the right limit. Therefore, x=0 is a
nonremovable discontinuity.

InP=ah+b
P = eah+b = gheah
P=Ce"C=¢
For our data, a = —0.1499 and C = e>3018 = 10,957.7
P = 10,957.7e 0149

((?TE = (10,957.71)(— 0.1499)g0-14%h
= —1642.56e0.14%h
dP 4P
For h = 5, an - —776.3. For h = 18, hn= —110.6.

P, Py
. y .

-1

The values of f, P, P, and their first derivatives agree at x = 0. The values of the second derivatives of f and P,

agreeat x = 0.
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85. (4 y=¢€
yp=1+X
4
y
Y1
,zd_~—:5‘""i 2
-1
() y=¢&
PCE'S
y3:1+X+E+g
4
/yy3
,zd_a--""’# 2

87. Letu = 5x,du = 5dx.

fef’x 5dx = €* + C

o1 f xe ¥dx = —%fe’xz(—Zx)dx = —%e*xz + C

9. Letu=1+¢eXdu= —e*dx

J e’ dx = —J —e” dx=—-Inl+e*)+C= In(

1+eX 1+eX
97. Letu :§, du = —%dx
X X

3g3/x 1(3 3
== e -=
J;xz dx 3J'le3< XZ)dx

101. Letu=¢€"— e X du= (e+ e ¥dx.

e+ eX «
= —eX +
J — efxdx Inje — e + C

: 1( .
105. J esn ™ cos X dx = ;fes‘” ™ (71 cOS 7X) dX

— lesin-;rx + C
a

e
e+ 1

(b) y=e

X2
y2:l+X+<E>

4

/
Y,

=] )

-1

89. Letu= —2x,du = —2dx.

1 1 1
foe xdx = _ELG %(-2)dx = [—Ee ZX]
:1( -1

_ a2 —
e =g

evx J 1
93. | ==dx = 2| evX
J\/i X € 2UX

)dx= 2ev* + C

)+C=x—|n(e’<+1)+C

9. Letu=1—- €, du= —e‘dx

J'exmdx: —f(l— 9)1/2(— ) dx
2 3/2
= —31-ep2+c

103. jS ;erx dx = fSe*zxdx - fe*xdx

= fgefzx +ex+C

107. fe*xtan(efx)dx = ,f [tan(e™)](—e ) dx

= In|cos(e™)| + C
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109. Letu = ax?, du = 2axdx. (Assumea # 0)

y=fxeax2dx

1 2 1 e
—Z—aJeaX(Zax)dx—Zaeax +C

113. (a)

5 5
115. J edx = [ex} =€ — 1= 147413
0 0

150

119, (@) flu—v) = @ v = (@)e) = & = TW

e f(v)
(b) f(kx) = ex = (e)k = [f(x)]~

X X
123. J édt = f 1ldt
0 0

[ = |1

e—1=>2x0 e=21+xforx=0

127. Yes. f(x) = Ce*, C aconstant.

111 f(x) = f%(ex + e X)dx = %(ex —eX) +C
f(0)=C, =0
f(x) = f%(ex —eX)dx = %(ex +eX)+C,

f0)=1+C,=10 C,=0

100 = (e + &)

g’ — —X/2
(b) i 2e7x2, (0,1)

y= fZe*"/2 dx = f4fefx/2<f%dx>

=—4e¥2+C
0,1):1=—-4P+C=-4+C0O C=5
y=—4e%2+5

6

—

“+— .

VG
V3
117. J xe/4dx = [—2e‘x2/4]
0 0

= —2%24+ 2~ 1554

-4.5 4.5

60
121. 0.0665 f g~ 00139(t— 48 it
48

Graphing Utility: 0.4772 = 47.72%

125. f(x) = €. Domainis(— oo, oo) and rangeis (0, co).
f is continuous, increasing, one-to-one, and concave
upwards on its entire domain.

lime=0and lime* = co.

X— —o0o X— oo

2

129. e x>0 I Je*xdx > 0.
0
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Inx
131 f(x) = = y
(@ f’(x)=17X72|nX=Owhenx=e. * [:-\
on(0,e),f(x) > 0 O fisincreasing. 2% 46 s
On (g o0),f(x) < 0 O fisdecreasing. -3

(b) Fore < A < B, we have:

InA _InB
PR > —_—
A B

BInA > AInB
InAB > InB”
AB > BA,
(c) Sincee < mr, from part (b) we havee™ > 7®.

Section 5.5 Bases Other than e and Applications

t/3 t/7
1y= <1> 3y= <1> 5. log, 3 = log, 273 = —3
2 2
1\6/3 1 1\10/7
At tO = 6, y= (E) = Z At tO = 10, y= <§> =~ 0.3715
7.log;1=0 9.(a 22-8 11. (a) log,,0.01 = —2
log, 8 = 3 1072 = 0.01
(b) 31= % (b) logys8 = —3
053%=8
1 _
logs 3 = —1 (3°=8
l X
13. y = 3 15. y= <§> =3 17. h(x) = 5¢2
x | -2|-1/0]1]2 <] 211101112 x | -1 1
1 1 1 1 1
y 9 3 1139 y 9 3 1 % % y 125 25 5
y y

t t
-2 -1 1 2
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19. (a) log,,1000 = x

23. (a)

25. 3 =175
2xIn3 =1In75
1In75
21n3 1.965
0.09\
29. (l + ?> =
0.09
12t|n<1 + P ) =1In3
1
t= E (
In
33. log; X2 = 4.5
x2 = 345
X=+/3%° =~ +11845
35. g(x) = 6(217) — 25

10¢ = 1000
X=3

(b) l0g,;,0.1 = x

100=0.1

x=-1

X2 — x = logg 25

X2 — x = logg 5% = 2

XX—x—2=0
x+1)x—-2=0
Xx=—-10Rx=2

Zero: x = —1.059

-4

3

0

\

~1.059, 0)

\

o

-3

0

10

21. (@ log;x = —1
31=x
(b) log,x = —4
274 =x
x4

(b) 3x + 5 =log, 64
3x+5=1log,2¢=6

xX=1
x=1
27. 28=x =625

(3—xIn2=1In625

_,_In625

In2

x=3-1065 _ 4068
In2

31 log,(x — 1) =5
X—1=25=32
x =33

37. h(s) = 32log,o(s — 2) + 15
Zero: s = 2.340

40

lf(2.340, 0)

-20
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39. f(x) = 4¢ x ol 210 % 1
_ 1
909 = 1ogs x f | % | 3 | 1]2]4 :
2
g
x | % |3 |1]2]4 A
1 ) T
g | -2 -1]o0| 1|1 1/
41. f(x) = & 43, y =52 45, gt) =22
f/(x) = (In 4) 4 dy _ (In5) 52 g’(t) =t2(In2) 2t + (2t) 2t
o —t2t(tIn2 + 2)
= 22+ tIn2)
47. h(6) = 27%cos 6 49. y = logz X
h() = 27 %—msin76) — (In2)2-%cos 70 dy 1
= —2"%(In2) cos wH + m sin 6] ¢ xin3
X2 1
51. f(x) = Iog2X 1 53. y=logs /X2 — 1= Elog5 x -1
= 2log, x — log, (x — 1) dy_1, X
dxk 2 (xX®—-1In5 (x-1)In5
) = —2 - —
xIn2 (x—1)In2
_ X—2
" (In2)x(x — 1)
_10log,t _ 10 (I ) _ o
o) = t " In4 o7 y=x
2
, _170t(1/t)—lnt} Iny = =Inx
9t = In4[ t2 X
) = 35) + md=8) =
_ _ H=2)==Z)+Inx{—-5) =51 - Inx
t2In4[1 Int] = 2 2(1 Int) y\dx X\ X X X
dy 2y(1 —Inx) = 2x@®-2(1 — Inx)
59 y = (x — 2x*1 61. |3dx = g +C
' ' In3

Iny =(x+ 1) In(x — 2)
%(%’) — (x+ 1)()(%2) +In(x — 2)

dy [x+1 _
X [x + In(x 2)}

= (x— 2)x+1|:§t 1 + In(x — 2)]
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esszd

1 1
“In2 4_2]
__r _ 1
" 2In2  In4

3 = 2X = 2X
67. f1+32deu 1+ 3% du = 2(In3)3*>dx

1 21n 3)3*
2|n3J(1+;2* =2 3'”(“3 )+ ¢
iy: X/S( 1)
6. & = 0.4 (0,3
y= f 0.4*/3dx:3f O.4X/3<%dx>
%04% +C = 3(1n25)(04)%% + C

y = 31In2.5(0.4)%/3 + % —3In25

_ 31— 04 L1
In25 2

71. Answerswill vary. Example: Growth and decay problems.

S x [1/2]8
o
y o1 3
3+ 83 e
2l
1 ®(2,1)
1,0
Y 4 5 8
75. (%) = logyx 0 f(x) = ——
' % xIn2
gx) =x 0 g(x =x(1+ Inx)
[Note: Lety = g(x). Then: Iny = Inx* = xInx
1y’ =Xx+—+Inx
y
y' =yl + Inx)

y = x(1+ Inx) = g'(x).]
h(x) =x2 O h'x) =
k(x) =2 O k'(x) = (In2)2x

From greatest to smallest rate of growth:
9(x), k(x), h(x), f(x)

65. Jx5fx2 dx =

—%ijxz(—Zx) dx
1\ 5%
B _<5> In5 * C

5>)+C

2In5

(b) 4

(a) yisan exponential function of x: False
(b) yisalogarithmic function of x: True; y = log, X
(c) xisan exponential function of y: True, 2¥ = x

(d) yisalinear function of x: False

77. C(t) = P(L.05)
(@ C(10) = 24.95(1.05)%
~$40.64

(b) =2 = P(In 1.05)(1.05)t
Whent = 1: ‘Z—? ~ 0.051P

Whent = 8: iT? =~ 0.072P

(© 5 = (n109)[P(L05)]
- (In L05)C(Y)

The constant of proportionality
isIn 1.05.
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79. P = $1000, r = 33% = 0.035, t = 10

n 1 2 4 12 365 Continuous
0.035)\ton
A =1000| 1 + T A 1410.60 | 1414.78 | 1416.91 | 1418.34 | 1419.04 1419.07
A = 1000g(0039(10 = 1419.07
81. P = $1000, r = 5% = 0.05, t = 30 n 1 2 4 12 365 | Continuous
301
A= 1000(1 n %) " A | 4321.94 | 4399.79 | 4440.21 | 4467.74 | 448123 | 4481.69
A = 1000€(00530 = 4481.69
83. 100,000 = Pe*%%t [1 P = 100,000e %% | ¢ 1 10 20 30 40 50
P | 9512294 | 60,653.07 | 36,787.94 | 22,313.02 | 13,583.53 | 8208.50
12t —12t
85. 100,000 = P(l + %> 0 P= 100,000(1 + @>
12 12
t 1 10 20 30 40 50
P | 95132.82 | 60,716.10 | 36,864.45 | 22,382.66 | 13,589.88 | 8251.24
0.06\(365)(®) . -
87. (@) A= 2o,ooo<1 + %) ~ $32,320.21 89. () lim 6.7¢ 83/t = 6.7¢” = 6.7 million
322.27
(b) A = $30,000 (b) V= Y 8/t
0.06\(@65)®) 0.06\(355/@) -
= = —_— V’(20) = 0.073 million ft3/yr
(© A 8000<1 + 365) + 2o,ooo<1 + 365) (20) %
7, ~ illi 3
~ $12,928.00 + 25,424.48 = $38,352.57 V/(60) ~ 0.040 million ft°/yr
0.06(365)(®) 0.06 (@654
~ $34,985.11
Take option (c).
300
9N y= 3 + 17g 00625
(8 1wo (c) If y = 66.67%, then x = 38.8 or 38,800 egg masses.

0

(b) If x = 2 (2000 egg masses), y = 16.67 =~ 16.7%.

(d) y=300(3 + 17600625 )1

318.75e0-0625x
(3 + 17e~ 0.0625x)2

_19.921875¢0-0625x (1700625 — 3)
- (3 + 17e0.0625)3

’

”

17e700625x — 3 = 0 [] x = 27.8 or 27,800 egg masses.
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93. (a) B = 4.7539(6.7744)" = 4.7539¢l-9132d (©) B’(d) = 9.0952¢l-9132d
(b) 10 B’(0.8) =~ 42.03 tons/inch
B’(1.5) = 160.38 tons/inch

0 2
0
4
95. (a f f(t) dt = 5.67 (c) The functions appear to be equal: f(t) = g(t) = h(t)
0
" Analyticaly,
j g(t) dt =~ 5.67 3\2y/3 3\2/3Tt oL/3\t
0 = — = — = _— =
\ fo 4(8) 4[(8) =% ) ot
L h(t) dt = 5.67 h(t) = 4e0653886t — 4[9—0.653886]t = 4(0.52002)t
1/3\t
) ? gt = 4(QT> = 4(0.52002)"
\ No. The definite integrals over a given interval may be
1 5 equa when the functions are not equal.
-1
10
2000 o ou | y | 1200 | 720 | 432 | 259.20 | 155.52
- [—0.06e ' ]o
— t
~ $15,039.61 y = CK)
Whent =0,y = 1200 O C = 1200.
y = 1200(k!)
720 432 259.20 155.52
1200 ~ 00 720 7 06 T4z =06 55950 = 06
Let k = 0.6.
y = 1200(0.6)"
101. False. eisanirrational number. 103. True. 105. True.
f(g(x) = 2 + enx~2 Ao Arax]— —ax
i [e] = e<and ™ [e7X] e

=2+Xx—-2=X
g(f(x) =1In2 + & - 2)
=Ine = x

e = e Xwhenx = 0.

@)= =-1
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ﬂ_§(§_ > _
107. i~ Yz Yo =1

dy _8 a1, 1 Vo _ 8
/4 —y] ~ s SJ(W (5/4) —y) o= f25dt -

5 2
Iny—In(Z—y>—§t+C

y _2
'“((5/4> - y) 5t C
Y _ emric — 2/5)t
(5/4) -y ¢ Cie

y

= = 25t — S
yO =10 C =40 4 GO

0O 4@2/5»(% _ y> =y O 58(2/5)t — 46(2/5)t y + y = (46(2/5)t + 1)y

5e(2/5 5 1.25

D Y= aemt s 17 41 0% 1+ 0256 0%

Section 5.6  Differential Equations: Growth and Decay

dy
1. —=x+2 3.
dx X
X2
y=f(x+2)dx=§+2x+c
5x 7
5 r==
y y
yy’ = 5x

dy _
dxfy+2
dy
y+2_dx
1
er2dy—fdx
Inly + 2| =x+ C,
y+2=¢e+tG=
y=Ce—2
y = Jxy
o K&
y
y—dxzf\/;(dx

y = g2/324c;

= g€ g2/3)x2
= Cel2/3x?

Cex
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9. 1+xy —2xy=0 11. ‘L—? = t% 13. dN = k(250 — 9)
o2y
Y =17 foc'j?dt —dt J—ds—fk(zso—s)ds
l/ _ k k
1+ fdQ:7¥+c de=—§(250—s)2+C
= dx —J 5 dx k __k a2
f 1 + x2 Q:_IJFC N = 2(250 S)+C
dy _ 2x
Jy 1+ % o
Iny =In(1+x? + C,
Iny=1In(1+x? +InC
Iny =InC(1 + %3
y=C1+ x?
dy
15. (@) y (b) o= X6y (00 7
o
i _dy
y-6_ *
- -6
I Inly — 6] = —— + C -1
5 ’1”\(0' 5 y — 6= e—x2/2+C — Cle—xz/z
y=6+Cex/?
(0,0:0=6+C, 0 C,=—-60 y=6—6e?2
dy _ 1 dy_ 1
7. 4= ob (0, 10) 16 19. =Y (0, 10) 16

Jo- 13 T
y 2tdt

-4

y=%t2+c -t

10:%(0)2+C 0O Cc=10

_1
y—4t + 10
dy _
21. dx—ky

y = Cé* (Theorem 5.16)
(0,4: 4=Ce"=C

dy 1 (0,10)
-1

+ -1
2t C,

y=e¢e" t/2+C, = gCi @

10=Ce 0 C=10

Iny = —

—t/2 — Ce—t/z

y = 10e V2

av
23. at = kv

V = Cet (Theorem 5.16)
(0, 20,000): C = 20,000

10

(3,10): 10 = 46% [ k= %m(g) (4, 12,500): 12,500 = 20,0006 [1 k = %m(g)

When x = 6,y = 4ev/3n(5/2(6) = 4gn(s/27

5 2
= 4(5) =25

Whent = 6,V = 20,000e"/4!"5/8©®) = 20,000e"5/8**

5 3/2
= 20,000(§> ~ 0882.118
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2. y-ce (03).6.5) 27 y-cét 1), 655
o 1 1= Ce
2 5 = Ce
_ K
y= % o 5Cek = Ce®
5ek = e
_ L — ek
5= > ed 5=¢
In5
K= In510 ~ 0.4605 k= Z = 0.4024
= (CgP-4024t
y = 1 e0.4605t y
2 1 = Ceb4024
C =~ 0.6687
y = 0.6687e"4024
) . S . . dy 1
29. A differential equation in x and y is an equation that 31 proi Exy
involves x, y and derivatives of y.
% > Owhen xy > 0. Quadrants | and I11.

33.

35.

37.

39.

41.

Since the initial quantity is 10 grams, y = 10€/!"(1/2/1620t \When t = 1000, y = 10eln(1/2)/1620](1000) ~ 6 52 grams. When

t = 10,000, y = 10gl!n(1/2)/1620J(10,000) ~ (.14 gram.

Sincey = Cd!n(%/2)/1620t e have 0.5 = Celln(1/2/1620]10.000) [] C =~ 36.07.

Initial quantity: 36.07 grams.

When t = 1000, we have y = Cel!n(1/2/1620J1000) ~ 23 5] grams.

Since the initial quantity is5 grams, we have y = 5.0gl!n(1/2)/5730]t,

Whent = 1000,y = 4.43 g.
Whent = 10,000,y =~ 1.49g.

Sincey = Celln(1/2/24360}t \ye haye 2.1 = Celln(1/2)/24360]1000) ] C =~ 2.16. Thus, the initial quantity is 2.16 grams. When

t = 10,000, y = 2.16€l!n(1/2)/24:360(10.000) ~ 1 63 grams.

dy_ ky, y = Ce&tory = y€e.

Smce& =

1
2o = Yo

—In2
1620

y = yoe—(ln 2)t /1620

K =

Whent = 100, y = y,e~(n?/162 ~ y (0.9581).

Therefore, 95.81% of the present amount still exists.

43. Since A = 1000”9, the time to double is given by
2000 = 1000e"%8t and we have

2 = ghoet
In2 = 0.06t
In2

t= 00 ~ 1155years

Amount after 10 years. A = 1000e(009(10 ~ $1822.12
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45, Since A = 750€'t and A = 1500 whent = 7.75, we have

the following.
1500 = 750e"-7>"

In2
= — = = 0,
r 775 0.0894 = 8.94%

Amount after 10 years: A = 750e9894(10) ~ $1833.67

(12)(20)
49. 500,000 = P<1 + M)
12
—240
P= 500,000(1 + %)

~ $112,087.09

53. (a) 2000 = 1000(1 + 0.07)!

2 =107
In2 =1tIn107
In2
t= n107 = 10.24 years
12t
(b) 2000 = 1000(1 + w)
12
0.007\12
2= (1 * T)
0.07
In2 =12t In(l + f)
In2
U= 2in( + (007/12) ~ >93vears
55. (a) 2000 = 1000(1 + 0.085)t
2 = 1.085"
In2 = tIn1.085
In2
= in1ogs ~ oo0veas
12t
(b) 2000 = 1ooo<1 + %)
12
0.085\12
2= (1 * T)
0.085
= + —
In2 12t|n<1 12 )
t=l In2 ~ 8.18 years

12 0.085
I n< 1+ T)

the following.
1292.85 = 500e'™

. _ In(1292.85/500)
10

The time to double is given by

1000 = 500e”0%5%

In2
t= m =~ 7.30 years.

(12)(35)
51. 500,000 = P(l + @>
12
0.08\ 420
= + —_—
P 500,000(1 12 >
= $30,688.87
0.07 3%t
(c) 2000 = 1000(1 + %>
007 365t
2= (1 i 7365)
0.07
In2 = 365t |n<1 + %)
In2
= 3651n(1 + (0.07/365)) ~ >-0veas
(d) 2000 = 10006007t
2 = oot
In2 = 0.07t
In2
t= w =~ 9.90 years
0085 365t
(c) 2000 = 1000(1 + %>
0.085 365t
2= (1 + 2088 )
0.085
In2 = 365t In(l + ﬁ)
1 In2
t= %7“1( . 0.085) ~ 8.16 years
365
(d) 2000 = 1000e°-085t
2 — ghosst
In2 = 0.085t
In2
t= 0,085 8.15 years

=~ 0.0950 = 9.50%

47. Since A = 500et and A = 1292.85 whent = 10, we have



250 Chapter 5

Logarithmic, Exponential, and Other Transcendental Functions

57. P = Celt = Ce 0002
P(—1) =82=Ce 00®-D ] C=81265
P = 8.1265¢ 000
P(10) = 7.43 or 7,430,000 peoplein 2010

61. If k < 0, the population decreases.

If k > 0, the population increases.

65. (a) 19 = 30(1 — %)
30e% = 11
_In(11/30)
k= 20 = 0.0502
N = 30(1 — e70.0502t)
67. S= Ce«t
@ S=5whent=1

5= Ce
tIim Cet=C=30

5 = 30¢
k=Ing~ —1.7918

S= 30e" 1.7918/t

69. A(t) = V(t)e %1% = 100,000eP8vt @010t = 100,000"8v1 010t

dA

i 100,000(% - o.1o>e0-8/f—0-1Ot = 0 when 16.

Vi

63.

59. P = Cet = CePosst
P(—1) = 4.6 = CeP03%6(-D [] C = 4.7686
P = 4.76866>0%
P(10) =~ 6.83 or 6,830,000 peoplein 2010

P = Ce¥, (0, 760), (1000, 672.71)
C = 760

672.71 = 760e'000x

~ In(672.71/760)

1000 —0.000122

P ~ 7600000122

When x = 3000, P = 527.06 mm Hg.

(b) 25 = 30(1 — e~ 00021

@ 00502t — 1

6

—In6
t=—7"+ 0.0502 36 days

(b) Whent = 5, S= 20.9646 which is 20,965 units.

© =

The timber should be harvested in the year 2014, (1998 + 16). Note: You could also use a graphing utility to graph A(t)
and find the maximum of A(t). Use the viewing rectangle 0 < x < 30and 0 < y < 600,000.

71 B(1) = 10|ogloli, I, = 10716
0

i 101 .

(@ B0~ = 10Iogloﬁ = 20 decibels
o 10-° .

(b) B(107°) = 10Iogloﬁ = 70 decibels

o5 1065 .

(c) B(107%%) =10 Iogloﬁ = 95 decibels
o 1074 .

(d) (104 = 10Iogloﬁ = 120 decibels

Inl —0 — ARIN10 — 10R
" In10 I =en =10
Inl =0
(@) 83 = in10
| = 1083 = 199,526,231.5
Inl =0
(b) 2R = In 10

| = RIN10 — 2RIN10 — (eRInlO)Z — (10R)2
Increases by afactor of e?R'"10 or 10R,

1
I In10

© 5=
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75. False If y = Céd,y’ = Cked # congtant. 77. True

Section 5.7  Differential Equations: Separation of Variables

1. Differential equation: y’ = 4y
Solution: y = Ce*
Check: y’ = 4Ce™ = 4y

3. Differential equation: y”+y =0
Solution: y = C, cosx + C,sinx
Check: y’= —C,;sinx + C, cosx

y”= —C,cosx — C,sinx

y’+y= —C,cosx — C,sinx + C;cosx + C,sinx =0

5. y = —cosxIn|secx + tan X|

"= (—coSX)——————(sec X - tanx + sec?x) + sinxIn|sec x + tan x
y = )secx+tanx( ) | |
—COS X .
:u(secx)(tanx+secx)+smx|n|secx+tanx|
Sec X + tan x
= —1+ sinxIn|secx + tan x|
p . 1
y” = (dnx) ——————(secx - tanx + sec?x) + cosxIn|sec x + tan x|
SecX + tan x
= (sinx)(sec x) + cosx In|sec x + tan x|
Substituting,

y”+y = (sinx)(secx) + cosxIn|secx + tan x| — cosxIn|sec x + tan x|

= tan x.

In Exercises 7-11, the differential equation isy® — 16y = 0.

7. y = 3cosx 9. y=eX
y¥ = 3 cosx y@ = 16e
y@ — 16y = —45cosx # 0, y@ — 16y = 16e > — 16e 2 = 0,
No. Yes.
11. y = C,e* + C,e > + Cysin2x + C, cos 2x

y*@ = 16C,e* + 16C,e~> + 16C, sin 2x + 16C, cos 2x
y4 — 16y = 0,

Yes.



252  Chapter 5

Logarithmic, Exponential, and Other Transcendental Functions

In 13-17, the differential equation isxy’ — 2y = x3*.

13.y=x3y =2
Xy’ — 2y = x(2x) — 2(x®) = 0 # x%*

No.

17. y=Inxy’ =

Xk X

xy’72y=x<)72Inx¢x3e<, No.
19. y = Ce¥

dy _
dX—Ckekx

Since dy/dx = 0.07y, we have Cké* = 0.07Ce®.,
Thus, k = 0.07.

23. Differential equation: 4yy’ — x =0
Genera solution: 4y? — x>=C

Particular solutions: C = 0, Two intersecting lines
C = +1, C = +4, Hyperbolas

25. Differentia equation: y’ + 2y = 0
General Solution: y = Ce™ %
y +2y=C(—2e >+ 2(Ce*®)=0
Initial condition: y(0) = 3,3 =Ce’ = C

Particular solution: y = 3~

27. Differentia equation: y”+ 9y = 0
General solution: y = C, sin3x + C, cos 3x
y’ = 3C, cos3x — 3C, sin 3x,
y”= —9C, sin 3x — 9C, cos 3x
y” + 9y = (=9C, sin 3x — 9C, cos 3x) +
9(C,sin3x + C,cos3x) =0

15 y =x%2 + €), y' = x¥e) + 2x(2 + &)
Xy’ — 2y = X[X2e< + 2xe* + 4x] — 2[x%e* + 2x%] = X3¢,

Yes.

21. y? = Cx3 passes through (4, 4)
16=C@64) O C=1

Particular solution: y2 = 2 x3 or 4y2 = x3

i\\:ﬁ—__ C=4 = e c=-4 _-
-3 \:, Sl 3 —3> \:, :/’<3

Initial conditions: y(%) =2, y’(%) =1

2= clsjn(7—27> + czcos<7—27> 0 c =2

y’ = 3C, cos3x — 3C, sin 3x

w . T
1=23C, cos<§> - 3G, sm(E)

=-3c,0 C,= —%

Particular solution: y = 2sin3x — %cos 3x
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29.

31

Differential equation: x2y” — 3xy’ + 3y =0
Genera solution: y = C;x + C,x3

y’ = C; + 3C, %%, y” = 6C,x

x2y” — 3xy’ + 3y = x¥(6C,x) — 3x(C,; + 3C,x?) +

3(Cx+C,x¥) =0

dy _ o
dX—3x

y=f3x2dx=x3+C

3% 2="—==

39.

41.

45

-~ fa- 2

=x—2lnx + C=x—-Inx2+C

dy _
ax *

y = fx\/x —3dx = J‘(u2 + 3)(u)(2u)du

X—3

Initial conditions: y(2) = 0, y'(2) = 4
0= 2C, + 8C,
y’ = C, + 3C,x2
4=C, +12C,

C,+4C,=0

1
C,=5 C=-2
Cl+12C2=4} 2 2

Particular solution: y = —2x + %x3

dy X

3. dx 14+ x2

_ | _1 2
y—fl+x2dx—zln(1+x)+c

(u=1+ x? du = 2xdx)

dy

s7. dx

= s§in2x

y = J'sin2xdx= —%0052x+ C

(u= 2x,du = 2dx)

Letu = /x — 3,thenx = u2 + 3and dx = 2u du.

5
:zf(u4+3u2)du:2<u€+ u3> +C=§(x— 3)52 4+ 20x — 32 + C

= — 2
ax xe¥

y=fxexzdx:%exz+c

(u=x2 du= 2xdx)

dr = 0.05r

" ds
f? = f0.0S ds
In|r| = 0.05s + C,
[ = @05s+C, — ChO05s

dy _ x
43 dx y
fydy=fxdx
y2_x?
> =3 +C,
y2—x2=C

47. (24 x)y’ = 3y

Jo- oo

y 2+ X

Iny=3In2+ x) +InC =1InC(2 + x)?
y=C(x + 2
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49. yy’=sinx

fsinxdx

= —cosx + C;

—
<
Q.
<
Il

y2= —2cosx + C

53. yInx —xy’=0

j%=ﬁn7xdx (u=|nx,du=d—;>

Iny = %(In X)? + C;

y = e1/2(Imx)2+C; = Cellnx)?/2

57. yx+ 1) +y' =0

Jd—;:—f(x—kl)dx

(12
72 +

y = Ce—(x+ 1)2/2

Iny = C,

Initial condition: y(—2) =1, 1 = Ce %2 C =¢el/2

Particular solution: y = 1~ &+17/2 = g-(¢+29/2

61. au _ uvsinv?

dv
f%=fv§nv2dv
u
1 2
Inu= —5 cosv +C,

U = Ce~(cosv?)/2

1

_ 2
e 1/2 = e

Initial condition: u(0) =1, C =

Particular solution: u = glt—cos?)/2

51.

55.

59.

63.

J1- 4X23%22 X
dy=#dx
J1— 4x2
[y ——
1-—4x2

f% f (1 — 4x0)V2(—8x d¥)

= 21— 402+ C

y=
W —e=0
fydy:fédx
2
?=e>‘+Cl
y2=2e+C

Initial condition: y(0) =4, 16=2+C, C= 14

Particular solution: y2 = 2e* + 14

dy
2\ Y _ 2
y(1+x)dx X(1 + y?)
y X
1+y2dy71+x2dx

%In(l +vy?) :%In(l +x? +C;
In(1+y? =1In1l+ x?3 + InC = In[C(1 + x3)]
1+y?2=C(1l+x3)
yOo =3 1+3=C0O C=14

1+y2=41+x)

y2 =3+ 4x2
dP — kPdt=0
dP
[£ = fa
InP =kt +C,
P = Cet

Initial condition: P(0) = P, P, = Ce’ = C

Particular solution: P = P, et
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dy _ —9x _d__0-y _ vy
€. dx 16y 67. rn7dx7(x+2)7x7 2
fledy:—f9xdx J(ﬂ:J_EdX
y 2
2_ "9, +C 1
8y® =5 X Iny = —2x+¢C
ImMMWMMIWD:LSZ—g+CJ3:? y = Ce 2
Particular solution: 8y? = _79 X2 + 2—25
16y? + 9x2 = 25
X2y2
69. f(x,y) =x3— 4xy2+ys 71 f(xy) = ﬁ
— +3y3 _ 242 3
f(tx, ty) = t3x3 — 4t xt?2y? + t3y8 oy - 1hx2y? Ly
= t30¢ — 4xy? + y9) Y= e + B2 ey
Homogeneous of degree 3 Homogeneous of degree 3
X
73. f(x,y) = 2Inxy 75 f(xy = 2In§
f(tx, ty) = 2Intxty
tx X
f(tx, ty) = 2In— = 2In—
= 2Int2xy = 2(Int? + Inxy) (tx ty) nty ny
Not homogeneous Homogeneous degree 0
77, Xty 79, = XYy vk
% Y = VX y Xty y
dv X+ vx dv x—xv
+Xx— = + X =—
VT Xy 2x VXA T X+ xv
x% _1l4+v v _1-v
dx 2 vdx+xdv—1+vdx
Zf dv — % v+1 dV_—%
1-v X vV+2v—-1"  [x
—In(1 — v)2 = In|x| + InC = In|CX| 1 C,
~Injv2+ 2v—1| = —In|x| + InC, = In|—=
1 2 X
(l _ V2) - |CX| c
|V2 + 2v — 1| =3
1 ox X
I T
[1- (y/xF | Y2, LY C
L+22-1==
X2 - X X X
— = |Cx
(X*Y)z |y2+2Xy_X2|:C

x| = C(x — y)?
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8l y' = szjyz, y = VX 83. xdy — (2xeY* + y)dx = 0,y = vx
dv ) X(vdx + xdv) — (2x¢ v+ wx)dx =0
V+X&:x2fzzv2 2
feVdV = ;dX
vdx + xdv = %dx
1-v e = InC,x?
— y2
fl V= | & @ =InC, + Inx?
Vv X
1 &%= C+ Inx?
2 Injv] = Inlx| +InC, = In|C,X] Initial condition: y(1) = 0,1 = C
-1 Particular solution: &/* = 1 + Inx?
ﬁ = In|Clxv|
_X2
2y2 = In|Cly|
y = Ce /%
85. (xsec%er)dx—xdy:O,y:vx

(xsecv + xv)dx — x(vdx + xdv) = 0

(secv + v) dx = vdx + xdv

fcosvdv = J%
X

snv=Inx+InC,
x = Cesnv
= Cesiny/¥

Initial condition: y(1) =0,1=Ce®=C

Particular solution: x = esny/%

y=4+ Ce*

- Ly

a3l T 1234

d d

or. ¥~ 05y, y(0) = 6 93. ¥ — 0.02y(10 - y), y(0) = 2
dx dx
12 12

T EE R
."."."."."."/."."."."." —_—————
IR P Pl i i
P S L Y A
LN NN IR N LR
i.:z-.-}‘,/.-‘.-‘.a.-‘.-‘.-‘ L Y NN
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[ ay_ iy —
9. g = lony = Ce o7. o =ky—4)

Initial conditions:  y(0) =y,

y(1620) = %

C=Y,

Y

EO — y0e1620k
_ In(1/2)
© 1620

Particular solution: y = y,et(n2/1620

Whent = 25,y ~ 0.989y,, y = 98.9% of y,.

dy _ _
99. i ky(y — 4)

The direction field satisfies (dy/dx) = O alongy = 4; but
not alongy = 0. Matches (a).

The direction field satisfies (dy/dx) = 0 alongy = 0 and y = 4. Matches (c).

dw
S = k(1200 - w)

[t = [
In(1200 — w) = —kt + C,;
1200 — w = e K*C = Ce™
w = 1200 — Ce ™™
w(0) = 60 = 1200 - C O C = 1200 — 60 = 1140
w = 1200 — 1140e™ &
(8 oo

101.

1400

0 =] 10
0

(b) k=108 t= 131years
k=09 t= 116years
k= 10: t = 1.05years

(c) Maximum weight: 1200 pounds
!Lrno w = 1200

dv

103. () i k(W — v)
dv
Wy fkdt
—In(W - v) = kt + C;
v=W- CeH

Initial conditions:
W= 20,v=0whent = 0, and
v=5whent =1
C =20,k = —In(3/4)
Particular solution:

v = 20(1 — &n@/4t) =~ 20(1 — e 02877)
(b) s= f 20(1 — e 02877) it

~ 20[t + 34761 °%™"] + C

Since S00) = 0, C = —69.5 and we have
s= 20t + 69.5(e~ 02877t — 1),
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105. Given family (circles): x? +y2=C
X+ 2yy'=0

=y

Orthogonal trgjectory (lines): y’ = 3;:

dy _ [dx
y | x

Iny=Inx+ InK

y = Kx
4
6 .
-4
109. Given family: y? = Cx®
2yy’ = 3Cx2
, _ 3Cx? _37x2(y2) Yy
Ty 2y \eé)
Orthogonal trajectory (ellipses): y' = “3y
SJydy = —fodx
3 2
% = —-x2+ K,
3y + 2x2 =K

113. M(x, y)dx + N(x, y)dy = 0, where M and N are
homogeneous functions of the same degree.
117. False
f(tx, ty) = t2%2 + t2xy + 2
# t2f(xy)

107. Given family (parabolas): x> = Cy

2x = Cy’

SoX_ X Yy

y=¢ Xy X
Orthogonal trajectory (ellipses): y’ = _ZLy

ZJydy= ffxdx
X2
y? = 5 K
X2+ 2y2 =K

4

SR

-4

111. A general solution of order n has n arbitrary constants
while in a particular solution initial conditions are given
in order to solve for all these constants.

115. False. Consider Example 2. y = x3 isa solution to
xy’ — 3y = 0,buty = x® + 1isnot asolution.
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Section 5.8  Inverse Trigonometric Functions: Differentiation

1. y = arcsinx

@

x| -1 -0.8 —0.6 —-04 -0.2 0|02 04 0.6 0.8 1
y | —1571 | —0927 | —0644 | —0412 | —0201 | O | 0.201 | 0.412 | 0.644 | 0.927 | 1.571

() y (© 2 (d) Symmetric about origin:

/ arcsin(—x) = —arcsinx
-1 1 Intercept: (0, 0)

[NE

3. False. 5. arcsin1 =—

arc:cos1 =T
2 3

since the range is [0, ].

“[&

9. arctan

ol

7. arccos1 =

11. arcese(— /2) = — 13. arccos(—0.8) = 2.50 15. arcsec(1.269) = arccos<?169)

INF

~ 0.66

17. () sin(arctan 73;) = %

19. (a) cot[arcsin(—%)] = cot<—7—g) =-J3

V3

5
3
]
4
(b) sec(arcsing) = §
. (b) csc[arctan(—%)] = —1—:
4
‘ 912
3
2
)\

21. y = cos(arcsin 2x) 23. y = sin(arcsec )

_ . X
0 = arcsin 2x 9=armcx,0s¢9sm9¢g

y=c0s60=1— 42 e

2 _
y:sint?:xi1 X
X
<

The absolute value bars on x are necessary because of
therestriction0 < 6 < , 0 # w/2, and sin @ for this
domain must always be nonnegative.
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25, y:ta(acgnf)

X |
0=arcsec§ 3
X2 —9
y=tand = 3
. 2X
29. sin(arctan 2x) = ———
( ) V1+ 42
2
_______ P
-2 2

Asymptotes: y = +1

arctan2x = 6 Nywwa
tan 0 = 2x 2x
)\
2X 1

sinf = ———
V1+ 4

33. arcsin/2x = arccos /X
/2x = sin(arccos V/x)
V2x=J/1-x0<sx<1

2X=1-Xx
1
Xx=1 1%
1 6
== VX
X=3

35. (@) arccscx = arcsin%, x| = 1
Lety = arccsc x. Then for
w w
2_y<0and0<y_ o

cscy = x [0 siny = 1/x Thus, y = arcsin(1/x).
Therefore, arccsc x = arcsin(1/x).

37. f(x) = arcsin(x — 1) y
X —1=sny "
x=1+sny 2
Domain: [0, 2] ! .
-2
S| T -n

Range: [ o 2]

f(x) isthe graph of arcsin x
shifted 1 unit to the right.

X 2
27.y = csc(arctan —) x7+2
y ﬂ X
X 2\
0=arctan% N
/N2
y=csco = Xf”

31 arcsin(3x — ) =3
X— 7= sjn(%)

x = 3[sin(}) + =] = 1.207

1
(b) arctanx + arctan; = izT,x >0

Lety = arctan x + arctan(1/x). Then,

tan(arctan x) + tan[arctan(1/x)]
1 — tan(arctan x) tan[arctan(1/x)]

_ x+ (1/%
1 - x(1/%)

_x+(1/x

tany =

(which is undefined).

Thus, y = /2. Therefore, arctan x + arctan(1/x) = /2.

39. f(x) = arcsec 2x v
2X = secy (3, L
X=ESGC J
2%Y =T B
1] [1 29
Domain ( oo,—z],[z,oo) o o
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41. f(x) = 2arcsin(x — 1) 43. g(x) = 3arccosg
2 2
f(x) = =
1—(x—1)%? 2X — X2 9'x) = -3(1/2) __ -3
1— (x%/4) 4 — %2
45. f(x) = arctan > 47. g(x) = aresin 3
a X
Fx) — l/a _ _a ) = x(3//1 = 9x?) — arcsin 3x
1+ (x%/a®) a2+ x? g X2
_ 3~ V1 - 9arcsin3x
X2 /1 — 9x2
49. h(t) = sin(arccost) = /1 — t2 51. y = xarccosX — /1 — x2
h't) = 1(1 — t9)"Y2(—21) = t ! = HEODSX — ———— — 1(1 — X)~V/2(—2x)
2 JI-8 y JI-x 2
= arccosx
1/1, x+1 —
e _ i — 2
53. vy 2<2Inx_l+arctanx> B5. y = xarcsinx + /1 — x
1 1 d—y=x<#>+arcsinx— = arcsin X
= Z[In(x +1) —Inx— 1] + Earctanx dx J1 - % 1—x2
dy ;( 1 ) /2 1
dx  4\x+1 x-1/) 1+x 1-x
B X x/16 — X2 -~ X
57. y—8arcs|n4 - 59. y—arctanx+1+x2
1 16 — X2 X 1 1+ x3 — x(2x)
=2 _ _ 2 — w2\—1/2(_ ’—
V=2 418 A2 VETiet ey
_ 8 —‘/16_X2+ X2 _ 1+ +(1-%)
V16 — %2 2 216 — 2 1+ x3?
_16-(16—-x) +x _ X2 _ 2
2/16 — %2 J16 — @ (1+x»)?
. 1 y
61. f(x) = arcsinx, a ==
2 15
Pl
1 1.0+
f/X — 05
® Vi-x ‘ i
05 10 15
V| — X |
f (X) - (1 _ X2)3/2
A EAVRE AN
Pl(x)—f(z)-i-f(z)(x 2>_6+ 3 (x 2>
ST S VO A I O AT A Lﬂ( 1) @( ;)2
Pz(x)ff(z)Jrf(z)(x 2>+2f<2>x 2) g 1)+ 23(x- 2
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63. f(x) = arcsec x — X 65. f(x) = arctanx — arctan(x — 4)
1
fx) = ——=——=—1 1 1
2 / = - =
XV =1 PO=17%  17x_ap °
= Owhen [x| /% — 1= 1. 1+x=1+ (x— 4?2
X¥(x—-1=1 0=-8x+ 16
x4—x2—1=0whenx2=1+2‘@or x=2
_ By the First Derivative Test, (2, 2.214) is arelative
x=¢\/l+ \/5=J_rl.272 maximum.
2
Relative maximum: (1.272, —0.606)
Relative minimum: (—1.272, 3.747)
67. The trigonometric functions are not one-to-one on 69. y=arccotx,0 <y<
(— o0, 00), sot their domains must be restricted to — ot
intervals on which they are one-to-one. X = coty
teny =+
Y=x

So, graph the function

y = ardan(%) forx > 0andy = arctan(%) + wforx < 0.

1
X do 5 dx -5 dx
71 to=_ ot dt dt
(@ cotf=75 ®) & 1+<§>2dt X+ 25 dt
) 5
0= arccot<g> dx de
If i —400 and x = 1O,E = 16rad/hr.
dx do
It = ~400and x = 3, ~ 58.824 rad/hr.
73. (a) h(t) = —16t2 + 256
—16t2 + 256 = Owhent = 4 sec.
h  —16t2 + 256 n
(b) tan 6 = 500 500 AN

_ 16
0= arctan[soo( t2 + 16)]

do —8t/125 — 1000t

dt 1+ [(4/125)(—t2 + 16)2 15,625 + 16(16 — (2)2
Whent = 1, d§/dt = —0.0520 rad/sec.
Whent = 2, df/dt = —0.1116 rad/sec.
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tan(arctan x) + tan(arctany) _ x +y

75. tan(arctan x + arctany) = 1 — tan(arctan ) n(arcany) 1 — xy' xy #1
Therefore,
— Xty
arctanx + arctany = arctan<:L — Xy)xy # 1
Letx = % andy %
(1/2) + (1/3)  _ 56  _ 5/6 _ -
arctan( ) + arctan( ) art:tan1 —[1/2) - 1/3] arctan1 —(1/6) arc'[ans/6 = arctanl = 2

77. f(x) = kx + sinx
f/(x) = k+ cosx = Ofork > 1
f(x) =k + cosx < Ofork < —1
Therefore, f(x) = kx + sinxis strictly monotonic and has aninversefork< —1ork > 1

79. True 81. True

sec? 2
> Oforall x. —[arctan(tan x)] = 1+ tar)1(2 §2§ =

—J[arctan x] =

dx[ 1+ x2

Section 5.9  Inverse Trigonometric Functions: Integration

5 X
[ o samnl2) +
fg—x2 3
3. Letu = 3x,du = 3dx.
(Y 1

1 1 1 _ 1 ) 1/6 3 i
L T dx = 3 N e (3x)2(3) dx = [3 arcsun(SX)]O =13

o

7 7 X
fmdx = Zarctan(z) +C

7. Letu = 2x,du = 2dx.
]\/5/2

V3/2 V3/2
1 1 2 1
fo 1+ de &= 2fo 1+ (202 ™%~ [2 arctan(] |

ol3

9. = arcsec|2x| + C
f 4x2 — JZX\/(ZX)Z 124
x3 X 1 2x 1 1
_ _ _ 1 1, 1., A
11. J dx J[x Zr J dx = jx dx foz n ldx 2x 2In(x + 1) + C (Uselong division.)

dx = arcsin(x + 1) + C 15. Letu = t2,du = 2t dt.

V1= (x+ 12

f\/lt— = f\/ ’2t) dt = 1arcsm(t2)

C
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17. Letu=arcsinx,du=#dx. 19. Letu =1 — %2, du = —2xdx.
\/1_ X 0 0
vV2 12 2 J X a4 _;J _y2\-1/2(_
arcsin 1_ ., _m dx (1 —x0)~Y3(—2x) dx
| m [2 arcsin x]o =3~ 0.308 —172/1 = %2 2) 1
0 —
=[-viel =2
-1/2 2
=~ —0134
21. Letu = €, du = 2> dx. 23. Letu = cosx, du = —sinx dx.
& dx:1 2¢% 1arctan§+c J L. dx = — T _—sinx
4 + e 4 + (e2>‘)2 4 2 -2 1+ 00X 21 + cos?x
= [—arctan(cosx)] =T
/2 4
# — _ R — Xx—3 _1 2x _
25. J\/;(mdxu—\/;(,x u?, dx = 2u du 27. JX2+1dx 2fx dx SJ Jrldx
f#(ZUdu)=2 $=2arcsinu+c =1In(x2+1)73arctanx+c
uJv/1—u? J1- U 2
=2arcsin /X + C
29, X+5 . (x=3 f
e [ aaet e

:—m—sarcgn(X;3)+c

= —\/6x—x2+8arcsin(§— 1> +C

2 ! 2 g
31 Lmdx: J;deZ [arctan(x— 1)]0: E

2X 2X+ 6 1 2X+ 6 1
3. Jx2+6x+l3dx_ X2 + 6x + 13dx_6fx2+6x+ 13dx_fx2+6x+13dx_6J4+(x+3)2dX
+
= In|x® + 6x + 13| — 3arctan<X723> +C
1 1 X+ 2
35. dx = dx = arcsm( )+ c
f\/—x2—4x J'\/4— (x + 2)? 2

37. Letu= —x2 — 4x,du = (—2x — 4) dx.

+
xt2 dx=—EJ(—XZ—4X)*1/2(—ZX—4)d>&—\/ﬂJrC

J—x2 — 4x 2
3 3 3 3
2X— 3 -1/2 f
39. ————dx = =—| (4x—x2 4 —2X)dX + | ————=0dXx
2 JAX — X2 \/4x—x2 \/x—x2 ,L( ) ) 24— (x— 272

N 3 _
= [ 2/4x — X2 + arcsm(x 2)] =4-2/3+ g ~ 1.059
2

2
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41. Letu = x2 + 1,du = 2xdx.
D, SV Y N SV | )
X+ 22+ 2% 2) e+ 1z + 1 X = actan( + 1)+ C

2udu .

43. Letu=\/elf3.Thenu2+3=e‘,2udu=e‘dt,andu2+3—

 E— 2u? 1
f\/e‘—3dt—ju2+3du—12du—f6mdu

:2u—2\/§arctan\;3+(3—2\/e‘—3—Zﬂarctan\/é;3+c

45. A perfect square trinomial is an expression in x with three terms that factor as a perfect square.

Example: X2+ 6x + 9 = (x + 3)?

1 . X
47. ————=dx=arcsinx + C,u = x — 2 dx=— e+ —1-x
(a)j\/l_xz (b)JJl_dex =X+ Cu=1-x
(© f ~ dx cannot be evaluated using the basic integration rules.
X1 — x2

49. (a) j\/x—1dx:§(x—1)3/2+C,u:x—l
(b) Letu= /x — 1. Thenx = u? + 1and dx = 2u du.

fx\/mdx = J(u2 + D(u)(2u) du = ZJ(U“ + u?) du = 2<u—5 + u—s) +C

—£3 2 —£ _ 3/2] _ —3 _ 3/2
—15u(3u +5)+C—15(x 1)%793(x 1)+5]+C—15(x 1)32(3x + 2) + C

(©) Letu= /x— 1. Thenx = u2 + 1 and dx = 2u du.

X dx = u2+1’2u)du=2(u2+1)du=2<u—3+u>+c=gu(u2+3)+c=g\/x—1(x+2)+C
/x — 1 u 3 3 3

Note: In (b) and (c), substitution was necessary before the basic integration rules could be used.

51. (a) y dy_ 3
S:T, (b) dX - 1 + sz (ov O) 3777
¥ dx rﬁ
[ 144\\\ y:3f1+X2:3admx+C -8 8
i T \5* X
(0,0:0=3arctan(0) +C O C=0 =
‘ %
T 00 y = 3arctan x
dy 10 _ e 1 3 1
% xhe 1Y@ 0 > A_L x2—2x+1+4dX_J1 x— 17+ 2%
4 1 x—1\] 1 T
NI e = [5 arctan( 5 ﬂ = Earctan(l) = — =~ 0.3927
S ez | 8
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57. Area=~ (1)(1) = 1
Matches (c)

1 4 1
59. (a) Lmdx— [4arctanx]

(b) Letn = 6.

0

o s e e DR
N

=4darctanl — 4arctan 0 = 4(

2

>—4(0)=7T

2 4

4flidxz4<i>[1+ 4 + + + + + =
ol +x2 36 1+(1/36) 1+(1/9 1+(1/49 1+ (4/9 1+ (25/36) 2

(c) 3.1415927

1

61. (a) %[arcsin(%) + C} = m

du . {u
Thus, Jﬁ = al’CSI"I(;) + C.

a

u’> o

/a2 — U2

l] ~ 3.1415918

() g[EarctanEJr C] = 1[ u’/a
dx| a a

a

du u’
Thus, = dx = ~ar
faz + u? a+ uw a

(c) Assumeu > 0.

a a

1+ (u/a)?

EEarcsecE " C] B E[W} N i%l[u w — ad)/a?

du u’
Thus, —_— = —
JuJuz—aZ fu\/uz—a2

63. (8) V() = —32t + 500 650

_ 1[ w
a? (&% + u?)/a?

ctan9+ C.
a

a2+ w2

’

1 |ul

dx = = arsec

a a

20

—CONTINUED—

]=—%  Thecaseu < Oishandledin asimi-

+ C.

2
UvVU" =@ 13 manner.

(b) st) = f v(t) dt = f(*32t + 500) dt

— —16t2 + 500t + C
s(0) = —16(0) + 500(0) + C=0 O C=0
s(t) = —16t2 + 500t

When the object reaches its maximum height,
v(t) = 0.

v(t) = =32t + 500 =0
—32t = —500
t = 15.625
5(15.625) = —16(15.625)2 + 500(15.625)
= 3906.25 ft (Maximum height)
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63. —CONTINUED—

1
© [t a
1 \/k
——— arctan —v|=—-t+C
N < 32 > !
arctan< \/£v> = — /3%t +C

\/3—k2v = tan(C — /32kt)

v= \/S—kz tan(C — /32kt)

Whent = 0, v = 500, C = arctan(500/k/32), and we
have

vit) = \/3—k2 tan[arctan(SOO\/;z> - \/ﬁt].

(d) Whenk = 0.001, v(t) = /32,000 tanarctan(500./0.00003125) — /0.032t].

500

0

v(t) = Owhent, = 6.86 sec.

6.86
© h= f /32,000 tan] arctan(500./0.00003125) — ./0.032{] dit
0

Simpson's Rule: n = 10; h = 1088 feet

(f) Air resistance lowers the maximum height.

Section 5.10  Hyperbolic Functions

1 (@ sth3 =% _2673 ~ 10,018 3@ el = gy = 5 ?1/2) -2
] _ —2 _ sh( e|n5 —In5
(b) tanh(—2) = for;ﬁ((_?) - :_2 . g ~ —0.964 (b) coth(in5) = ;9nh((|::)) = e i e
5+(1/5 13
T 5-(1/5 12
5. (a) cosh~%(2) = In(2 + /3) ~ 1.317
(b) sech*1<§> - |n(l+— V;/;WQ)) ~ 0.962

eX—e*X>2 ( 2 )2_e2X—2+e*2X+4_e2X+2+e*2X_1

2 x + 2y — =
7. tanh? x + sech? x (ex g g (& + e )2 & + 2 + g
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—e X -y —X _ a-y
ot (5 (5N
1

= Z[Q(er — @Y 4 @Y — @ () 4 @FY 4 @ Xty — @Y — g (XHY)]

ex+y) — g@=(x+y)

> = dnh(x +y)

= %[z(exw — e )] =

— — X _ —x\ 2
11. 35inhx+4sinh3x=sinhx(3+4sinh2x):<ex ze )[3+4<ex 26 )]

- (?)[3 re -2t e = e - e e e+ )

e* — e X

=t et e —e— e e = S < snh(30
. 3
13. sinhx = >
2
cosh?® x — <§> =10 cos:hzx—B O coshx = @
2 4 2
tanhx = L2 _ 3/13
J13/2 13
1 2
csch x % = §
schx— L _ 213
J13/2 13
cothx = 17 = ﬁ
3/J/13 3
15. y = sinh(1 — x?) 17. f(x) = In(sinh x)
/= — — y2
y 2x cosh(1 — x°) f(x) = .i(cosh X) = coth x
sinh
X 1. X
19. y= In(tanh 5) 21. h(x) = Zsmh(Zx) -3
, . 1/2 2<§>_ 1 g 1 1 _cosh()—1_ .
Y = tanty2) M\ 2) = 2snh(x/2) cos(x/2) h'x) =5 cosn() =5 = 2 - Snhx
1
sinhx cschx
23. f(t) = arctan(sinh t) 25. Lety = g(x).
, _ y = Xcoshx
PO = T gnrer Y _
Iny = cosh xInx
cosht
:coshzt:$eCht 1(d—y>=COShX+sinthnx
y\dx X
dy _y ;
o X[coshx + X(sinh x) Inx]

Xcoshx
X

[cosh x + x(sinh x) InX]
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27. y = (cosh x — sinh x)?
y’ = 2(cosh x — sinh x)(sinh x — cosh x)

= —2(coshx — sinhx)2 = —2e

(-m,coshm) 4, (1, cosh 7))

29. f(x) = sinxsinhx — cosxcoshx, —4 < x < 4
f/(x) = sinxcosh x + cosx sinhx — cosx sinh x + sin x cosh X

= 2sinxcoshx = Owhenx = 0, + 7.

Relative maxima: (+ r, cosh 77) - “_*:(0, -1
Relative minimum: (0, —1)
31 g(x):XSSChXZco;x 33. y=asnhx
y’ = acosh x
T (1.20, 0.66) y” = asinhx
y” = acosh X

Therefore,y” —y’ = 0.

(-1.20, 0.66) -1

Relative maximum: (1.20, 0.66)
Relative minimum: (—1.20, —0.66)

35. f(x) = tanhx f(1) = tanh(1) = 0.7616 5
1 i
7, — 2 7, — ~
f/(x) = sech?x /(1) cos(D) 0.4200 3 N 4
f1(x) = —2sech?x - tanh x (1) =~ —0.6397 P
-2

P,(x) = f(1) + f(1)(x — 1) = 0.7616 + 0.42(x — 1)

P,(x) = 0.7616 + 0.42(x — 1) — @(x _ 1y

37. (3 y = 10 + 15cosh T);’ —15< x< 15 (b) At x = +15,y = 10 + 15cosh(1) = 33.146.

Atx =0,y = 10 + 15cosh(1) = 25.
y

20+

©y = sinh%. Atx = 15,y’ = sinh(1) =~ 1.175

10+

F—t———F+——F+—+4>Xx
-0 | 10 20

39. Letu=1—2x,du= —2dx 41. Letu = cosh(x — 1), du = sinh(x — 1) dx.

f snh(1 — 2%) dx = —% f sinh(1 — 2x)(—2) dx f cosh?(x — 1) sinh(x — 1) dx = %cosh3(x _pn+cC

= f%cosh(l - 2xX)+ C



270  Chapter 5 Logarithmic, Exponential, and Other Transcendental Functions
2
43. Let u = sinh x, du = cosh x dx. 45. Letu:xi,du:xdx.
cosh X .
= + 2 2 2
fsinhxdx Injsinh x| +C chschzxidx = f(cschzxi>xdx = —cothXE +C
47. Letu = 1, du = —%dx.
X X
cch(1/%) ZCOth(l/X) ax = —J(‘sch;coth 1(—%) dx = cschl +C
X X X\ X X
4 4 _ _
@_j 1 ﬂm:{imf+x}:>£m9:1m3 51. Letu = 2x,du = 2dx.
0 25 — X 10 |5-x|lo 10 5 J3/4 1 N
——(2 dx:[arcsinZX} =—
| T o0 (2x)2( ) (29 | 2
53. Let u = %2, du = 2x dx. 55. y = cosh~%(3x)
X 1 2 1 ) , 3
=] — == + - -
fx4+1dX 2j(x2)2+1dX o ctan(e) + € YT e 1
57. y = sinh~(tan x) 59. y = coth~%(sin 2x)
[ — 1 p—
y'= \/tan2x+1(seczx) [sec X y'= ———--/(2c0s2x) = 2.seCc 2x
1-sin?2x
61. y=2xsinh™3(2x) — V1 + 4
y=24——3——)+2wmﬂ@m—4—fﬁ—f=2gmﬂ@m
1+ 4x? V1+4x?
63. See page 395.
X
65. y = asech*1<a> - Jaz—x
dy _ -1 . x . —@& . X _ ¥X-a& _-—JE&-x
dx  (x/a)V1— (x%/a?) a2 —x xJa?—x a—x xvaz-—x X
1 e 1+ 1+ e
67. | ——=dx= |[—F——=—=dx= —csth™i(e) + C = —In<7> +C
J\/l + e Je&/l + (€92 ) &
69. Letu = /X, du = édx.
2./x

71.

1

f 1 dx=2f ! (
VX1 F x /1 + (\/;()2\2\/x

)dx=25inh_lﬁ+c=2ln(ﬁ+ 1+x) +C

X—4

u—a—ﬂzl

x—2 12 " a"

-1 1 1
fr_xzdx—ji(x_2)2_4dx—zln ‘+C
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1 _ 1 _ -1 V2
& fl— 2o ¥ Js— 2+ 17 X \/zf[\/z(ﬁ 1)]2_ (\/j2OIX
2+ 1) - _ 1 axen+ Ve
f(x+1)+f 2f N 2x+1) - /3

75. Letu=4x — 1,du = 4 dx.

f\/SO + 8x — 16x2

f\/1(4x1)2 4

1arcsin<4xg 1) +C

X3 — 21x 20 1
7. y—fmdx—f<—x +m>dx—f(—x—4)dx+20jmdx
_ 2 20 (x—2)+3‘ _x L 10 x+1‘ = 10 x—S‘
=5 4X+6|7(_2)_3+C— > 4x 3| 5+C—2 4x 3In +1+C
4 2
X 5x
79. A= 2| sech dx 8l A= | ——dx
L 2 L‘/x‘wl
Y R _5[f2x
T 2] et e 20\/()(2)27+1dx
4
e/2 5 0, 7]2
—_— == + +
4L(eX/2)2+1dX [Zln(x I 1)0
4
= [8 arctan(ex/Z)] =3 In(4 + /17) ~ 5.237
0
= 8arctan(e?) — 27 = 5.207
3k 1
Edt_fx2—12x+32dx
3kt 1 x—6)—2 1, [x—8
—=|— — | +C== +
16 f(><76)2740|X 2(2)I (x76)+2’ C=4n 74‘ c
When x = 0: t=0
C:—%In(Z)
When x = 1: t=10
30k 1 |7 1 1 (7
T6 = Zln‘js‘ - ZIn(Z) = Zln<6>
2 7
k—Eln<6>
(3Y(2) T\ = Ly X8
Whent = 20: (16)(15) In(6)(20) 4In ~_8
In<z>2 =1In x—8
6/ 2x—8
49 x-8
36 2x-8
62x = 104
104 52
—a—a~l.677kg
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85. Ask increases, the time required for the object to reach the ground increases.

+ — X

87. y=coshx=ex Ze
— — X

y’=ex 2e = sinh x

91. y=wchx=ex+e_X

-2 e — e X
/= —X)—2 — aX) =
y'=—2Ae+e)He - e <e>< n e*x)<ex P

Review Exercises for Chapter 5

1. f(x) =Inx+ 3 v

Vertical shift 3 units upward
Vertical asymptote: x = 0

89.

y = cosh™1x
coshy = x
(snhy)(y) =1

_1 1 _ 1
sinhy cos?y — 1 x2—1

y/

sech x tanh x

H-1_ 1 (Xx-D2x+1) _1 B B )
3. In\5/4X2 1o 5Ir‘. o2+ 1 = 5[In(2x 1) + In(2x + 1) — In(4x2 + 1)]

5. In3+%ln(4fx2) —Inx=In3+1In¥4—-x2—Inx=In

7

7. Inyx+ 1
Vx

X

+ +
e
Il

2
e
et
et —

X 1 =~ 53.598

11. f(x) = x/Inx
f(x) = (g)(ln x)*l/z(%> + JVInx

1 1+ 2Inx
+ JInx = ——F7——
2VInx 2/Inx

15, y= —%In(a J;bx> = —%[In(aJr bx) — Inx]

g__l( b 1> 1

dx  ala+bx x/ x@+bx

)

9. gx) = InVx = %Inx

‘) — L
g(X)—2X

13. y:é[ln(a+bx)+afbx]
iy_i[ b ab ]_ X
dx  bla+bx (a+bx2] (a+ bx?

17. u= 7x — 2,du = 7dx

1 1 1 1
f?x — 2dx— 7f7x — 2(7) dx = ?In|7x— 2l +C
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19. SnX dx = — —snx dx
1+ cosx 1 + cosx

—In|1 + cosx| + C

/3 /3
23. J sec 0dg = [In|sec0+tan 0@
0

0

25. (@ f(x) =3x— 3
y=37x—3

20y +3) =x

2x+3) =y

f~1(x) =2x+ 6

27. @ f=Ux+1

- k1
y?—1=xX
XX—-1=y
fl=x-1,x20

29. (@ f)=%x+1
y=¥x+1

y-1=x

X$-1=y

fx)=x3-1

31 fx)=x3+2
f7ix) = (x — 2)¥/3

(179100 = 30— 272

1

1
H(—=1) = =(=1— 2)°2/3 =
(FH(=1)=3(-1-2 e
1
= 3573 ~ 0.160

4, 4 4
21. JX+1 X:J(l+1>dx:[x+ln|x|] =3+ 1In4
1 X 1 X 1

In(2 + /3)

(b) ;
A
il

-7

© fHf(x) =fix—3) =2(3x—3) + 6 =x
f(f-1x) =f(2x+ 6) =3(2x + 6) — 3=x

(b) d

© fFYf) =fY/x+1)= /0 - 12— 1=x
f(F1x) =f@-1) = V6 -1) + 1
= /% =xforx = 0.

(b) 4

- J 5
—

© U f) =f4¥x+1) =@+ 1°-1=x
f(f 1) =f0—1) =0 —1) + 1=x

33. f(x) = tanx
T 3
f<6>_ 3

f(x) = sec?®x
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35. @ f(x) =Inx (b) 2
_ [

y = InV/x A f

&= X -3 ( 3

ey =x -

&=y (© F-4f(x) = fY(In Vx) = @nvx = ghnx = x

f1(x) = e F(F-1(x) = _ _ _
(f-Yx) = f(e®) = In /e = Ine = x

37. y=e¥? 39. f(x) = In(e™®) = —x2

y fi(x) = —2x

41 g(t) = t%¢ 43 y= /& +e*
9'(x) = t% + 2te = telt + 2) PR v —2X) —1/2( 92X _ Da—2X _ e e
y—2(e2 + e 2)"1/2(2e> — 2e )_\/em
X2
45. g(x) = = 47. y(Inx) + y? =
1 dy dy\ _
g = e(2x) — ¥ _ X2 -%) y(;) + (In X)<&) + Zy(&> =0
e € & -y
(2y + In X)& = 7
dy -y

dx  x(2y + Inx)

49. Letu = —3x? du = —6xdx. 51. f#dx: f(e?X— e+ e ¥ dx

1 1
—3x2 = | a3 — = @ 3%
fxe dx ‘Je (-6 dx=—ce >+ C =%e3x—eX—e—X+c

e — 3e> — 3
=3 1 C
53. fxé*xzdx= —%fé*xz(—ZX) dx 55. Letu = e — 1,du = e*dx.
ex
:—%é*X2+C jex_ldx—ln|ex—1|+C
57. y = e{(acos3x + bsin 3x)

y’ = e(—3asin3x + 3bcos3x) + e{(acos3x + bsin3x)
= e{(—3a+ b)sin3x + (a + 3b) cos 3x]
y” = e{3(—3a + b) cos3x — 3(a + 3b) sin3x] + e{(—3a + b) sin3x + (a + 3b) cos 3x]
= ¢{(—6a — 8b) sin3x + (—8a + 6b) cos 3x]
y’— 2y’ + 10y = e{[(—6a — 8b) — 2(—3a + b) + 10b] sin 3x + [(—8a + 6b) — 2(a + 3b) + 10a] cos3x} = 0
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4 1 41
59. Area = f xe ¢ dx = [—fefxz] = —Z(e"16 — 1) =~ 0.500
o 2 0 2
61 y=3%2 63. y = log,(x — 1)
y y
A
M
2
1+ /
By S
X -2
3]
]
65. f(x) =31 67. y=x>*t1
f(x) = 3 1In3 Iny=(2x+ 1)Inx
Y _ x+1 + 2Inx
y
y' = y(2x 1, 2Inx) = x2x+1<M + 2Inx>
X X
1 > 11 >
69. g(¥) = logsv/1 — x = 5 logy(1 — X) 71 f(x + 15X+ dx = >nE 56t + C
W=z =t
9 =@ —%In3 ™ 2x— in3
73. (@ y=x* (b) y=a (0 y=x () y=2a
y/:aX371 y/:(|na)a>< |ny:X|nX y/ZO

1, 1
9y =X X+(1)Inx

y' =yl + Inx)
y' =x(1+ Inx)

75. 10,000 = Pel00n(s) 77. P(h) = 30
K — In(1/2)  —In2
© 18,000 18,000

P(h) = 30e(hn2)/18,000

P(35,000) = 30g~(35000In2)/18000 ~ 7 79 inches

79. P = Ceo g, H_X+3
' Todx X
2C = Ced015t
dy = (x + §) dx
2 = o015t X
In2 = 0.015t X2
y:E‘F 3In|x| +C
In2
t = —— = 46.21 years

~0.015
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83y —2xy=0

dy  x®+y? . . '
85. i 72xy (homogeneous differential equation)

(®+y)dx —2xydy =0
Lety = vx, dy = xdv + vdx.
(X2 + v&2) dx — 2x(vx)(x dv + vdx) = 0
(X2 + v3&2 — 233 dx — 2x3vdv =0
(X2 — x&2) dx = 2x3v dv
(1 —vddx=2x dv

dx 2v
j?fflfvzdv

Injx| = —=In]1 —v2] + C; = —In|]1 = v3| + InC
. C __¢c _ cx
L=V 1=y @y
Cx X
1:x2—y2 or C1=7X2_y2

87. y=Cx+ Cx®
y’=C, + 3C,%°
y” = 6C,X
X2y” — 3xy’ + 3y = x¥(6C,x) — 3X(C; + 3C,%3) + (Cx = C,x3)
=6C,x3 —3Cx — 9C,x® + 3C;x + 3C, =0
Xx=2y=0 0=2C, +8C, 0 C, =—4C,
Xx=2Yy =4 4=C, + 12C,

4= (-4C) +12C, = 8C, O C,=3 C; = -2
y= —2x+%x3
89. f(x) = 2 arctan(x + 3) y
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91.

93.

97.

99.

101.

105.

107.

111.

@ LetH:arcsin%
2
. 1 1
SHQ—E
6
sjn(arcsinl) =gn6= 1 V3
2 2
.1
(b) Let0=arcsm§
. 1
5|n9—2
in2) = cosp = 3
cos(arcsnz)—cose— 5>
. X
= tan(arcsinx) = —— 95. y = xarcsecx
= ten(aresnd =
X
1 - x3)Y2 4+ x3(1 — x3)~/2 ’= ——"—— + arcsecx
y = LI RA AR (g e VM1
y = x(arcsinx)? — 2x + 2./1 — X2 arcsin x
§ /1 — w2
’=w—ir(arcsinx)2—2+2 1o X arcsinx = (arcsin x)?
J1-—x2 1-—x 1—x
Letu = e du = 2e* dx.
1 I _1 1 ) — + X
ererefZde— 1+e4xdx—2f1+(ez)()2(2e2)dx—2arctan(e2)+C

Letu = X3 du = 2x dx.

(2x)dx=;arcsinx2+c

[ e

X 2
Letu = arctan<§>, du = 15 dx.

JMdX: 1f(arctanix 2 )dx = 1(arctan5

4 + %2 2 2)\4 + x2

Jos Vi

Yy /K
arcsm(A) \/mt+c

Sincey = Owhent = 0, you have C = 0. Thus,
~ k\_y
sm( mt>_A
. k
yAsm<\/mt>

Letu = X3 du = 2x dx.

103. Letu = 16 + X2, du = 2xdx.

16 +

X Y P _1 >
J16+x2dx_ ZJ X2(2x)dx 2In(16+x) +C

109. y = 2x — cosh/x

s o Lo oy sinhJX
y' =2 2\/;((smh\/x)—z 2

(2x) dx = 1In(x2 +UX¥—1)+cC

| ) e



