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CHAPTER 6
Applications of Integration

Section 6.1  Area of a Region Between Two Curves
Solutions to Odd-Numbered Exercises

1. A=f6[0—(x2—GX)]dX=—fe(xz—Gx)dX
0 0

3
3 Azfs[(—x2+2x+3)—(x2—4X+3)]dx=f(—2><2+6><)dx

0

0

1
5. (x3—x)dx  or —GJ (x3 — x) dx
-1 0
6 X /3
7. 9. J [4(2‘”3) - f] dx 11. f [2 — secx] dx
0 6 —m/3
y y
6+ : 3+ :
5t I I
\ 1 1
ol ' \./ X
2 B 2N
1+ ,iﬂ I l‘T 1 i‘f
I ) 3 : 3 ol 3 : 3
1 2 3 4 5 1 2 3 4 5 6 ! !
/1
13. fx) =x+1 15.A:J'[(§x3+2>—(x+ 1)}dx
0
gx) = (x — 1)2 2
= (fx3 - X+ 1) dx
A=~4 o \2
Matches (d) _ [ﬁ S ]2
8”3 + X .
\ 16 4 -
_<§—5+2>—0—2

/(o,l)
74 1 - x



Section 6.1 Area of a Region Between Two Curves

17. The points of intersection are given by:

21.

x2—4x=0

X(x—4)=0 when x=0,4

f [ — £(0] dx

0

—f4(x2—4x)dx

X3 a4
- 2¢]
[3 X 0
_®
3

y

00 440
12 3 5

The points of intersection are given by:

x=2—-—xand x=0 and 2—x=0

x=1 x=0

A=£[(2—y)—(y)]dy=[2y—y2];=1

Note that if we integrate with respect to x, we need two
integrals. Also, note that the region is atriangle.

1t (1, 1)
(2, 0)

0o 2\ 3

25. The points of intersection are given by:

y2=y+2

(y=2(y+1) =0 when y=-1,2

2
A= f [o(y) — ()] dy

-1

=f [(y +2) —y?]dy

-1
- yj_yj]z _9
[2y+2 3

-1 2

19. The points of intersection are given by:
X2+ 2X+1=3x+3
x—2(x+1) =0 when x=-1,2

A= f [0 — F(0] dx

-1

jz [(Bx+ 3) — (X2 + 2x + 1)] dx

-1

Il
—
N
+
X
|
=
N
o
X

23. The points of intersection are given by:
S+ 1=x+1
V3x=x when x=0,3

3
A=L[f(><)—g(><)]dx
= f[(\/eiw 1) - (x + 1)] dx
= JS[(3X)1/2—X] dx

_]2 s/z_ﬁ]3,§
_[9(3)() 2o 2

@ 2




4  Chapter 6 Applications of Integration

2 10 10
27-A:f [f(y) — o(y)]ldy 20 y="0 x="—
2 10
10
=f [(y2+ 1) — O]dy A= | —dy
—1 2 y
10
— y? 2 — = [10In y}
[3 + y]il 6 >
=10(In10 — In2)
y
I = 10In5 = 16.0944
©,2) 5,2
1+ / t
\_}2 DA o 1102)77\(1, 10)
72”(0, -) N (20) o

pu s
0,2 (5,2

31. The points of intersection are given by:

11

x3 — 3x2 + 3x = x2

XXx—1)(x—3) =0 when x=0,1,3 (39

(0,0 ¢ (1,1

A= f [£60 — gbol dx + f [0 — F(9] dx .

1
= f [(x3 — 3x2 + 3x) — x?]dx + f [x2 — (x3 — 3x2 + 3x)] dx
0 1
1 3
= f (X3 — 4x2 + 3x) dx + f (—x3 + 4x2 — 3x) dx
0 1
_X:_ﬂa §2]l [;)(4 53_§2]3_£
’[4 3T T T X T
Numerical Approximation: 0.417 + 2.667 ~ 3.083

33. The points of intersection are given by: 9

X2 —4x+3=3+4x— x?
(0,3) 4,3)
2X(x —4) =0 when x=0,4 " 12

A=f4[(3+4x7x2)7(x274x+3)]dx =
0

4
=f (—2x2 + 8x) dx
0

2x3 4 64
=| =+ 2 .
[ 3 a ]0 3

Numerical Approximation: 21.333

12
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Section 6.1  Area of a Region Between Two Curves
3. f(x) =x*—4x? gx)=x2—4
2
The points of intersection are given by:
I =) eol
X —4x2=x2 -4
4
X*—=5x2+4=0 1291 -3

x—4x2—1) =0 when x=+2,+1

By symmetry,
2

A=2[1[(x4—4x2)—(x2—4)]dx+2J
0

1

1 2
=2f (x475x2+4)dx+2f (—x* + 5x2 — 4)dx
0 1

x>  5x8 1 x>  5x8 2
=2|=-=+ +2|-=+ = -
2[5 3 4x]0 2[ 5 3 4x]1

1 5 32 40
=2[=—-=+4|+2|[-=+—= -
2|5-5+4+ (-3

Numerical Approximation: 5.067 + 2.933 = 8.0

37. The points of intersection are given by:

1 @
1+x2 2
X2+x2-2=0
R+2xx—1=0 -3
X==1 -1

A= ZLl[f(x) — g(x)]dx
- ZE[ﬁ—Xg]dx
X3 1
E}o
A3

Numerical Approximation: 1.237

=2 [arctan X —

~ 1.237

/3
41. A= 2[ [f(x) — g(x)] dx

/3
= ZJ (2sinx — tan x) dx
0

/3

5

3

[(x2 — 4) — (x* — 4x?)] dx

RS

30. V1+x3< %x + 20n[0, 2]

Numerical approximation: 1.759

2
A=f [%x+ 2— \/1+x3]dx~1.759
0
5
(0,2)%
L /(0,1) 5
-1
9
(53

= 2[72cosx + In|cosx|]

\
0 n
2

=2(1-1In2) = 0614

©. 0

IS

NIy

=

w



6 Chapter 6 Applications of Integration

2 1
43. A= j [(2 — cosx) — cosx] dx 45. A = J' [xe™** — 0] dx
0 0
o 1 1 1 1
= ZL (1 — cosx) dx = [—Ee ]0_5(1_€) ~ 0.316

2w
= Z[X — sin x] = 47 = 12.566
0

T 3
47.A:j [(2sinx + sin2x) — 0] dx 49.A:f [%el/x—o]dx
0 1
1 L 3
= [—Zcosx - ECOSZX] =40 = [—eﬂx]l =e—e¥3=1323
0

3 4

X3
51. (@ y = g~ y=0 x=3
3 X3
(b)A—L ,/4_de,

No, it cannot be evaluated by hand.
(0) 4.7721 6

X1 t2 x X2
53. F(x) = (ft+1)dt=[f+t]=f+x
e LZ 4 o 4

@ FO) =0 (b)F(z):ZZ2+2:3 (c)F(6):%2+6=15

y

Mo s oo
‘




Section 6.1

Area of a Region Between Two Curves

7

a

0 2
lcos > do =

[gsinw—g}a =25inﬂ+
T 211 9w 2 T

55. F(a) =f

@ F(-1)=0 (b) F(0) = % ~ 0.6366

= LC <f%y + a) dy
= [_%yz + ay]:
= _% +ac= % ( = %(base)(height))
59. f(x) = x3
f(x) = 3x2

At(1,1), f(1) = 3.
Tangent line:

y—1=3x—-1) ory=3x—2

Thetangent line intersects f(x) = x3at x = —2.
A= sz[x3 (3 - 2)]dx = [X{ -, ZXL _z
61. Thevariableisy.
63. x*—2x2+1<1—x2on[—1,1]

A=fl [(1—-x2) — (x* = 2x2 + 1)] dx

x3 x|t 4
_[5_3]71_E

You can use asingle integral becausex* — 2x2+ 1 < 1 — x2 on[—1, 1].

(X2 — x4 dx

rlw

(0,0

65. Offer 2 is better because the accumulated salary (area under the curve) islarger.
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3
67. A:J (9 — x2) dx = 36
-3

J_ [(9 - x?) — b] dx = 18
—Yo-b

/9-b
f [Q—Db) —x¥dx=9
0

A AN
[(9 Cbx— 7] J/9-b _g -V9-bb (V9-b b
X 3o

2o-b2=9

27

_h32 =<l
(9-D) >
9

9-b=—-~

¥a

b=9- 2 ~ 3330
=9-5.=3

69. lim E (X, — %2 Ax

Al -0

where x; = lnand Ax = %isthesameas

1 2 3
— x2 _ X _x _ 1 \0.2 04 06 08 1.0
L (=) ax = [2 3]0 6 ©, 0)
° ° 0.13t2
71 f [(7.21 + 0.58t) — (7.21 + 0.450)]dt = f 013t dt = [ - ] _ $1.625 billion
0 0
73. (&) y, = (275.0675)(1.0537)" = (275.0675)e”%52] (b) v, = (239.9407)(1.0417)t = (239.9407)e" 0408t
! 2
0 460
[
®
0 TP I 10} 0 / 10
240

240

() f —y,) dt = 649.5 billion dollars
reports, E > R eventually.

(d) No, model y; >y, forever because 1.0537 > 1.0417.

No, these models are not accurate. According to news



Section 6.2 Volume: The Disk Method 9

75. Thetotal areais 8 times the area of the shaded region to the right. A point (X, y) is on the upper y
boundary of the region if
2
Ut y2=2-y @
X2+y2=4-—4y+y? &Y

X2 =4 — 4y

dy =4 - x? 1 2
X2
y= 1-—- Z

We now determine where this curve intersects the liney = x.

-2+2/2 X2
Total area = J (1———x)dx
0

5 55
77.(a)A=2U (1—%\/ﬁ>dx+J (1—O)dx]
0 5
5 55
:2[x+g(5—x)3/2] +M =2 5—10J§+5.5—5 ~ 6.031 m?
9 0 5 9
(b) V = 2A =~ 2(6.031) ~ 12.062 m3 (c) 5000V ~ 5000(12.062) = 60,310 pounds

79. True

81. False. Let f(x) = xand g(x) = 2x — X2 f and g intersect at (1, 1), the midpoint of [0, 2]. But

b 2
f[f(x)_g(x)]dxzL[X—(ZX—XZ)]dx:E;&o,

Section 6.2 Volume: The Disk Method

1 1 X3 1 q
LV=as| (—x+1?dx=m (X2—2X+1)dX:7T[*—X2+X] =
0 0 3 o 3
4 4 274
3Vv=ax| (Vx)?2dx=m xdx=w[x—] _Lom
1 1 21 2
1 1 5 771
— 2Y2 _ (y3)2 — 4 _ 6 — L_L] :Zl
5V wL[(x) (x3)2] dx wJ;(x x8) dx 77[5 7o~ 35
7.y=x20 x=Jy 9. y=x¥30 x=y3?2
" 4 1 1 y41 T
V= (\f)’)zdy=ﬂj ydy V=m (y3/2)2dy=7rj y3dy=7r[—] =—
0 0 0 0 410 4
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1L.y=/xy=0 x=4

@ RX = Vx r(x) =0 (b) R(y) =4, r(y) = y?
4 2
V=7-rj (Vx)? dx V:wf (16 — y4 dy
0 0
4 4 2
— — | 72| — — 1 5] — 128w
J; x dx [zx]o 8w 77[16y 5y o 5
Y y
3+ a
2+ 2L
1+ 1+
‘1 2 g 4 * t 5 : 4 x
S L

© Ry =4-y%r(yy=0

V= J;(4—y2)2dy v—wfz[(e—y2)2—4]dy

2
= f (16 — 8y* + y*) dy

0

(d) Ry) =6—y2 r(y) =2

2
wJ (32 — 12y2 + y% dy
0
_ _ 8. 15]2_@
_”[163’ 3 5,7 15

y

1 .12 1927
_ a3 4 mys| T o 2PET
7T|:32y 4y3 + 5y ]0 5

3+ ;

2+ 31

-

13. y=x3 y = 4x — x2 intersect at (0,0) and (2, 4).

(@ R(X) = 4x — X2 r(x) = x? () RX) =6 — X3 r(x) =6 — (4x — X3
2 2
V= J [(4x — x?)2 — x4 dx V= j [(6 — x3)2 — (6 — 4x + x?)?] dx
0 0
2 2
= wf (16x? — 8x3) dx = 8’7TJ (x® — 5x2 + 6x) dx
0 0
_ 165 4]2_& _ [Xj_§3 2]2_%
—77[3X 2x0—3 —8774 3x + 3x 0T 3
y y
5
L
al
Nl
2 34

1 12 3 - T



Section 6.2 Volume: The Disk Method

11

15 RX)=4—-xr(x)=1
V= wfs[(4— X)2 — (1)3] dx

3
= wf (x2 — 8x + 15) dx
0

X3 3
= 77[* — 42 + 15X] = 187
3 0

19. Rly) =6-y, r(y)=0

V= wf4(6—y)2dy

0

4
= wf (y? — 12y + 36) dy

0
4

I A
= 6y? + 36y
3 0

2L Ry)=6-y% r(y) =2

V= L[(a -y?)2 - (23 dy

2
= 2| (Y — 12y2 + 32) dy
0
y5 2
= 277[* —dy3 + 32y]
5 0

_ 384w
5

1
17. R(x)—4,r(x)—4—1JrX
3 1 2
v=wf[42f(4f )]dx
o 1+x
_ TL_;]dX
770 1+x (14 x?
1 3
= 7T[8|n(1+ X) + 1+ X]o
:77-[8In4+%—1]

= <8 In4 — £§1>ﬂ' =~ 32.485

23. R(x) = , X)) =0

1
VX+1

V= L 3(\/%)2 dx
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25. R(x) = % r(x) =0 27. Rx) =e X r(x) =0
o[l e ofir

[ 1]4 *wf e 2 dx
= -z o

X1
1
T
= — [ Ze ]o

= %T(l — e2) ~ 1358

W
)
Il

2 3
29. V= f [B+2x—x)2 - X+ 1I]dx+ 7| [(+ 1)2 - (5+ 2x— x3?] dx y
0 2

2 3
wj (—4x3 — 8x2 + 20x + 24) dx + wf (4x3 4+ 8x2 — 20x — 24) dx
] 2

2 3
= w[—x“ — gxe' + 10x2 + 24x] + w[xe' + gxe' — 10x2 — 24x}
0 2

152 n 125 277w

— iT

3 3 3
1 ke
3Ly=6-3%0 x=3(6-Y) 33.v=wf [sinx]2dx ~ 4.9348
0
6 1 2
V= f[f(G—y)] dy \
o L3
N
. 6
=—j [36 — 12y + y?]dy 2L
90
_T _ a2 yj]e T
9[36y 62+ 31, | X
S T

(] 216

= 8w

y

L R N )

X

1 V3 4 5 s



Section 6.2 Volume: The Disk Method 13

2 2
35. V= 'n'J [e_xz]2 dx = 1.9686 37. V= 7TJ [ex/2 + e%/2]2dx =~ 49.0218
(0] -1
39. A=3 41. Disk Method:
Matches (a) b d
y V- f [RWPdx o V= f [Ry)P dy
2T Washer Method:
b
1\[[\ V= f (R®P = [rxP) dx or
d
—— V= f RO - [y dy
43. y y

The volumes are the same because the solid has been translated horizontally.

45. R(x) = %x, rx) =0 47. R(X) = V/r2—=x%4rx) =0
r
6 — 2 _ 2
v J' 12 gy \Y f_r(r x?) dx
o4 .
6 — 2 2
_| 7T s _ —27TJ(r—x)dx
[12X ]0 187 0
1 r
— 2y — Zy3
Note: V = %wrzh Zw[r % 3X ]0
1 4
— 3_ =3 =2 3
:%77(32)6 Zw(r 3r> 37-rr

yary

(-r,0) (r, 0)
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49. x—r——y—r(l—ﬁ> R(y)—r(l——),r(y)—o y
h 2 h H
= _l - 2 _3 i 2) //\
\Y WJO [r(l H)] dy = 7r ,[)(l Hy+ g2y dy ., \\\
1 AL .
— 2y — T2 o T \3 / \
mr [y HY +3H2y]o -
hz = hs - o
= 7Tr2<h**+@)
h h?
— 2| — _
= xr h<1 H + SHZ)
51. V = Z(EXZ\/mfdx—i 2x“(2—x)dx:1[§5—x—6] ==
YT \8 " 64, 64l 5 6o 30
53. (@) R(x) = g‘/ZS -x3,rx) =0 (b) R(y) = g\/Q -y3r(yy=0,x=0
5
= % J (25 — x?) dx s J (9 — y? dy
373
= 187Tf (25 — x2) dx = zsi[gy - y—] = 507
9 3o
18] x¥]5 y
75[25X— §:|0 = 607 N

3
55. Total volume: V = 477(350) = SOOéOOO ft3 6ok
ol
Volume of water in the tank: 20\
yo f e —— y[) | | | | |
wj (/2500 — y2)*dy = f (2500 — y2) dy ol % | 2 w]e
—50 —50
y3 Yo =
= 77[2500y - —] 60
3 ]-50
Yo 250,000
= 7T<2500y0 - % + = )
When the tank is one-fourth of its capacity:
1(500,0007\ _ Y, 250, 00)
4<73 )— (2500y0 3 + 3

125,000 = 7500y, — y¢& + 250,000
y& — 7500y, — 125,000 = 0
Yo =~ —17.36
Depth: —17.36 — (—50) = 32.64 feet
When the tank is three-fourths of its capacity the depth is 100 — 32.64 = 67.36 feet.



Section 6.2

Volume: The Disk Method 15

h

57. () Wj rzdx (ii)

0

is the volume of aright

b 2 \2
(b) ﬂ-j_b<a 1- b2> dx (iv)

is the volume of an ellipsoid with

© WJr (V/rZ = x2)* dx (iii)

is the volume of a sphere with

circular cylinder with radiusr axes 2a and 2b. radiusr.
and height h. y y
y
@ ©3
(hr) —m
x (.0 (r,0)
(-b,0) (b, 0)

(e ij [(R + Vr2 — x2)2 - (R - Jr2 - x2)2] dx (v)

is the volume of atorus with the radius of its circular cross
section asr and the distance from the axis of the torus to
the center of its cross section as R.

@ = f (%) dx ()

is the volume of aright circular cone with the radius
of the base as r and height h.

y

(h.r)

1
1
1
1
1
T

59. y

\/‘2‘32

Baseof Cross Section = (x + 1) — (x2 — 1) = 2 + x — X2

@ AX) =b%2=(2+ x—x?3? (b) AX) =bh=(2+x—x31
- _ ay2 _ 9y3 4 2 2 372
4F A= HE = DX V=j (2+x7x2)dx=[2x+%f)(§] =g

1 -1

2
V:f (4 + 4x — 3x%2 — 23 + x4 dx
-1

- s

5 |-1 10

e—— 2+ X = X2 ——1

= [4x+ 2x3—x3—%x“+1x5]2 -8

|€—2+ X = X2—>1
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61. v

X

1
1 1 3 1
4 2 4

Base of Cross Section = 1 — 3y

— 3/ \2
() Ay) =;7Tr2=;ﬂ-<1 2‘/ ) :%ﬂ_(l_ §fy)2

1 (T Ry _z<i>_1
V_sﬁfo(l Hdy=5l10) = 80

(©) Aly) = 3bh = 51 - yy)<¢3>(1 _ %)

2
- %P
V3 [Ny gy N3(L)_ V3
v [ wre () -
(@ Aly) = Zmab = 2(2(1 - %)%%

-1 %)

1
T )2y T(L) o
v ZL(l &) ay 2<1o> 20

63. Let A;(x) and A,(x) equal the areas of the cross sections
of the two solidsfor a < x < b. Since A;(x) = A,(X),
we have

V, = fbAl(x) dx = fbAQ(x) dx =\,

Thus, the volumes are the same.

67. () Since the cross sections are isosceles right triangles:

AX) = %bh = %( 12— y2)(ViZ = y?) = %(rz -y

V=%f (rz—yz)dy=f (rz—yz)dy=[r2y—
—r 0

(b) Ax) = 1bh = ;\/r2 - yz(\/r2 — y?tan 6) _tand

2 2 2

@ Aly) = b2 = (1 - 3y)?

o~ [la- w57

1
= j (1_ 2y1/3+y2/3) dy ~— 1-3y —=i

0

_|y_ 3.4 §s/3]1:i
[y A A P T

P2
\

— 1-3y —1

65. gW(ZS - %(‘51)77(125)
(25— 1232 = 222
25 —r2= (%)m
25 (g =

25(1 — 2723 = r2
r=5J1-272%~30415

y3:|r 2r3 ‘

3o 3 a

(r2 —y?

r r 37r
V=?j (r2—y2)dy=tan0j (r2—y2)dy=tan0[r2y—y] = 2t3tn g
-r ]

As 6 - 90° V - co.

3o 3

E——

1-3y

| ——
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Section 6.3  Volume: The Shell Method

1 p(x) = x
h(x) = x

3

V= ZwJZ X(x) dx =

0

[277 X3] 2 _ 167

3

~ [%xa]z 167
0 3

13

5. p(x) = X
h(x) = x2
2
V=27 f x3dx y
0

2
— | Tyal| =
|:2X:|0 8w

9. p(x) = x
h(X) = 4 — (4x — X?) = x2 — 4x + 4

2
V= 27rj (X3 — 4x2 + 4x) dx
0

8w

xt 4., 2
= — = ox3+ 22| =
277[4 3X 2X ]0 3

13. p(y) =y
hy)=2-y

2
V= 27Tj y(2 — y) dy
(0]
2
= 2wf (2y —y?) dy
0

y3 2 8
= 2 _ 2 - -
2”[3’ 3]0 3

3. p(x) = x
h(x) = V/x

4
V= 277[ X</X dx

0

4
= 27-rf x3/2dx
0
- [Amer] - 1280
5 0 5
7. p(x) = x
h(x) = (4x — x?) — x2 = 4x — 2x2
2
V= wa X(4x — 2x?) dx y
o2 A
= 47| (2x%2 — x3) dx ol
0
_ 23_14]2,@ gl
- 4”[3’( i J
Y R
11. p(x) = x

h(x) = L ez

V2

Y
V=2 x| ——=e*2] dx
WJ;) <\/27T )

1
= \/wa e 72y dx
0

_ [_ \/ZTefxz/Z] - \/ZT<1 - i) ~ 0.986

Je

1
0

o

Nl
I
t

]

Al
role
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Applications of Integration

15. p(y) =yandh(y) =1if 0 <y < %

p(y) = yand h(y) =

< Ik

1/2 1
V:27Tf ydy+277'f (1-vydy
0 1/2

yz] 1/2 |: y2:| 1 o
= Z_ + _ ) _
277[ 2 Jo 2m|y 2112 4

17. p(x) = 4 — x

h(X) = 4x — x2 — X2 = 4x — 2x?

V= 27Tf (4 — x)(4x — 2x?) dx
=2m(2) j i (x3 — 6x2 + 8x) dx

x4 2
= 4n [— - 23 + 4x2] = 167
4 0

21. (a) Disk
R(x) = x8
r(x) =0
2 772
\% wJO x8dx 77[7]0 ==

(c) Shell
px) =4 — x
h(x) = x3

2
V= 277[ (4 — x)x3dx
0
2
= 277'] (4x3 — x%) dx
o

1.]?> 967w
- 4_ Lo5|7 _ 07
ZW[X 5% ]0 5

o1
—1|f§sysl,

T

+

m
4 2

o
I

Nl
|

Sl
!

19. p(x) =5 — x
h(x) = 4x — x?

V= 2ﬂf4(5—x)(4x—x2)dx

0

4
= 2m f (x3 — 9x2 + 20x) dx
0

x4 4
= 277[* -3 + 10x2] = 647
4 0

(b) Shell
p(x) = x
h(x) = x3
2 572
= agy = 0| |7 2 847
\% ZWLXdX 277[5]0 c

y
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23. (a) Shell (©) Shell
p(y) =y p(x) = a— x
h(y) = (@¥2 — y¥?)2 h(x) = (a¥2 — x¥?)2
a a
V=2m f y(a— 2a¥2y¥z +y) dy V=2 f (a — x)(a¥2 — x¥2)2 dx
0 0
a a
= 27rf (ay — 2a¥2y3/2 + y2) dy =27 f (a2 — 2a¥2x¥2 4+ 2a¥/2x3/2 — x2) dx
0 0
= §2_4371/2 5/2 yj]a — [z_ﬂ 3/243/2 ﬂ1/25/2_}3}a=47ra3
2w[2y 5 y +30 2| a*x 3a X +5a X 3x . 15
_o 2 _4ed 2’ mad y
- 2”[ 2 5 ° 3} T 15

W (0.8

(2,0

(b) Same as part (a) by symmetry

d
25. V=27 f p(yh(y)dy or V=27 f bp(x)h(x) dx

5 5
27. wf (x— 1) dx = wj (VX —1)%dx 29. (a) 15
1 1
Thisintegral represents the volume of the solid generated a
by revolving the region bounded by y = /x — 1,y = 0,
and x = 5 about the x-axis by using the Disk Method. 025 15
s -0.25
2wf0 y[5 = (y* + D]dy (b) x¥3 +y¥3=1,x=0,y=0
represents this same volume by using the Shell Method. y = (1 — x¥3)%4

1
V= 27Tf x(1 — x¥3)%4 dx ~ 1.5056
0

Disk Method
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31 (a) 7 3. y=2Xy=0,x=0,x=2
@ Volume = 7.5
Matches (d)
-1 7
= y
6
(o) V= wa x¥(x — 2)2(x — 6)2 dx ~ 187.249 3
2
14
i :
35. p(x) = x
h(x) = 2 — %xz
2 1 2 1 1,12
V= 27rf x<2 - fx2> dx = wa <2x — fx3> dx = ZW[XZ — fx“] = 47 (total volume)
o 2 o 2 8 o

Now find x, such that

%
7T:27rf <2X—1X3)dx \
o 2
)l
%o
1=2[x2—1x4]
8 Jo 1
1
1=2x¢—>x¢ .
° 4 T

x¢—8xg+4=0
X2 =4+2/3 (Quadratic Formula)
Take X, = /4 — 2/3 since the other root is too large.

Diameter: 2./4 — 2/3 =~ 1.464

1
37. V= 477'f (2 = x)v1— x2dx 39. Disk Method
-1
1 1 Rly) = V2 —y?
=877-J \/1—x2dx—4wf X+/1 — x2dx
-1 -1 rly) =0
1
T r
= 87T<E> + wa—l)((l — x3)¥2(-2) dx V= WJ (r2 — y?) dy
r—h
) 2 X7 y3" 1
= 47? + 2775(1—X) _1—477 :,n.[rzy_g} h:§77h2(3r_h)

'
V2 E\
/

e
x
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' X N
41. (a) 27TJ0 hx(l - F) dx (i)

is the volume of aright circular cone with the radius
of the base asr and height h.

y

(r.0)
> X

(©) 277Jr 2x/r? — x2dx (iii) isthe
0

volume of a sphere with radiusr.
y m
(r,O) .
b
(e 27Tf 2ax/1 — (x?/b?) dx (iv)
0

is the volume of an ellipsoid with axes 2a and 2b.

200

43. (@ V= 2wf xf(x) dx

0

_ 2m(200)
39

~ 1,366,593 cubic feet
(b) d = —0.000561x? + 0.0189x + 19.39

24

AM\\,\\
-20 225

-6

200

(o) V= 27-rf xd(x) dx =~ 27(213,800) = 1,343,345 cubic feet

0

(d) Number gallons = V(7.48) = 10,048,221 gallons

r
(b) 2wf (R-x)(2/r2=x2) dx (v)
-r
is the volume of atorus with the radius of its circular

cross section as r and the distance from the axis of the
torus to the center of its cross section as R.

(-r,0)

;
(d) 27Tf hx dx (i) isthe volume of a
0

right circular cylinder with a
radius of r and a height of h.

y

(r.h)

[0 + 4(25)(19) + 2(50)(19) + 4(75)(17) + 2(100)15 + 4(125)(14) + 2(150)(10) + 4(175)(6) + O]
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Section 6.4

1. (0,0), (5, 12)
@ d=

(5-072+(12-0)2=13

0 y=ox

12

/

=

30

=13

S.y=

y' = x1/3’ [1,8]

2
s=£ ‘/1+(#> dx
8 2/3
X3+ 1
_L‘/ 3 dx

3 (® 2
=2 /x2/3 .
2.[1 X3 + l<3x1/3> dx

3[2 8
= = (y2/3 + 3/2
2[3()( 1) ]1
=5/5—-2/2~ 8352

T 37
9. = In(sin X [ ]
(sinx), 2 a
, 1
y’ = —cosx—cotx
sinx
1+ (y)?=1+ cot>x = csc?x
3m/4
Ss= csc x dx

/4
3w/4
= [In|cscx — cot x|]
/4

=In(v2+1) - In(v2 - 1) ~ 1.763

11. @ y=4—-x3,0<x<2 (b)

Arc Length and Surfaces of Revolution

3. yz%xS/2 +1

y’ = x¥2[0,1]
1

s= j V1 + xdx
0

- [%(1 + x)3/2];

- 2(/8- 1) ~1219

3
x4 1
v Y=8 " ae
1
’ Zy3 _ =
y' =5x 2x3'[1 2]

14 (y)2 = <;x3 + i) [1,2]

s—fbmdx

2
L (;x3 +—> dx

[1 .1 T 33
= Xt — — =

8 4x%2], 16
y = —2x (c) L = 4.647

+(y)2=1+ 4%

2
L =j V1 + 4x2dx
0]

— =~ 2.063
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13. @ y=

X =

,1<x<3

N

15. @ y=

snx,0 < x<w

2

LSE]

17. @ x=eY,0<sy <2

y = —Inx

1>x=e2=0135

3

® y=

1
1+(y/)2=1+;

3
L:f ,/1+l4dx
1 X

(b) y’ = cosXx

1+ (y)? =1+ cos?x

L= f V1 + cos?x dx
0

-1
Alternatively, you can do all the computations with respect to y.
dx
a x=eY0sy<?2 b = _gv
@ y (b) 3
1+(%)2=1+e*2y
dy
2
L= f JV1+ e¥dy
0
2
19. @ y=2actanx,0 < x<1 (b) y’=m

-0.5

v 4
L:fo l+mdx

15

© L~ 2147
(©) L~3820
(© L=~2221
(© L=~2221
(© L~ 1871
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2 2 y
a [ e a2 o |
s=5 i
Matches (b) 24
14 @
T s
23. y = x50, 4]

(@ d= V(4 - 02+ (64 — 02~ 64.125
b d=V/1-0°+(1-02+J/(2-1)2+B8—-12%+ J(B3—22+ (27 — 8%+ /(4 — 3)? + (64 — 27)?

=~ 64.525

4 4
(©) s= f Y1+ (3x9)2dx = J V1 + 9x*dx = 64.666
0 0

(d) 64.672

4
25. (a) y ©y/=11,= f V2 dx =~ 5.657
0

3 * ) 9x
7 — 2 1/2 — —_ =~
y2 = X% L, J; 1+ 16 dx = 5.759
, 1 _ 4 x2
y3—2x,L3—fo,/l+4dx~5.916
5 ¢/ 2
r= = x32 = _ 3 ~
Ya 16X Ly Jo 1+ 256X dx = 6.063

(©) Y1, Y2 Y2 Vs

27. y= 1[x3/2 - 3xY2 + 2]

When x = 0,y = 2. Thus, the fleeting object has traveled 2 units when it is caught.

113 3 I\x—-1
r— = Ey1/2 _ 12 = | =
w3 o= ()

x—12 _ (x+1?

+(y)2=1+

1+y)E=1 4x 4x
tx+1 i P 102 05, ourn|' 4 _ o2
02X1/2dx—§J;(x + X )dx_§[§X + 2x ]0—5—2<§>

The pursuer has traveled twice the distance that the fleeing object has traveled when it is caught.

29, y = 20cosh—, —20 < x < 20
20
F— oanh X
y —smh20
N2 — 2 X _ 2 X
+ (y) 1 + sinh 20 cosh 20

s d sh—=d inh X |
L= co — x—2 cosh o5 X = 2(20) sin 2—0]0

= 40sinh(1) =~ 47.008 m.



Section 6.4  Arc Length and Surfaces of Revolution

25

3L y=V9—-x°

—X

N
1+ (y)? = g
s—j /_Xz
jid
()\/9_X2
. X]?
—[Barcsms]o
.2 .
= 3<arcsm§ — arcsin 0)
.2
= 3arcsm§ ~ 2.1892
x3 1
35. y—g'i‘&
¥ 1
Y =% " 2
X2 1\
N2 — [ _
1+ (y) <2+2X2>,[1,2]

2 /3 2
X 1\/x 1
S—27T£ <€+&>(E+y>dx

Z[XG Xj_i]z_ﬂ
7276 82l 16

39. y=sgnx

y’ = cosx, [0, 7]
S= 27rf sinx+/1 + cos?x dx
0

~ 14.4236

3
33. y—X—

y = %210, 3]
3 X3
S= 27TJ 5\/1 + x*dx
0
o 3
= —J (1 + x%V2(4x3) dx
6 (0]

- [g(l N x4)3/2]3

0

= g(szﬂ ~ 1) ~ 258.85

37. y=%x+2

y' =3 %,[l 8]

&/ 1
SZZWJX 1+de

2%7 x1/3\/9x4/3 + 1dx

1
8
=1 f (9x¥3 + 1)V2(12x3/3) dx
1
_ [i (9x4/3 + ]_)3/2]8
27 1

27(145\/145 ~ 10/10) ~ 199.48

41. A rectifiable curve is one that has a finite arc length.

43. The precalculus formulais the surface area formulafor the lateral surface
of the frustum of aright circular cone. The representative element is

277'f(di)\/m=277'f(di)\/WAx1
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45, yzg 47, y=/9-x2
,_h e S
y'=7 N
2 2 3
1+ (y)2=" :rzh Vi) ==
2
r 12 + p2 _ J 3x
_ S=27 | ——adx
S=2w 0x 2 dx T, Jo—x
2
_ 277-\/r2+h2xj " 2 2 = —37 —727de
_[ r <2>:|0—7TI’ r#+h o\/g—X2
2
- |-erva=|
0
= 6m(3 — /5) =~ 14.40
See figure in Exercise 48.
1
49. y = Sx¥2 — x32
3
1 3 1
212 2012 — T (y—1/2 _ Qyl/2
y'=gX 5X 6(x 9xY/2)

1 1
N2 — L oy-1 — T (y—1/2 1/2)2
1+ (y) 1+ 36(x 18 + 81x) 36(x + 9x¥/?)

Vi 1 2r (V31
S=2x <7x1/2 — x3/2> —(xV2 + 9V2)2(qx = — <7x1/2 - x3/2>(x*1/2 + 9x¥2) dx
, \3 36 6 J, \3

1/3 1/3
T 1 m| 1 T .
= — =+ — 2 = —| =x 4+ x2 — 3 = —ft2= 0. 2 ~ i 2
3Jo <3 2X 9x>dx 3[3x X 3% ]O 27f'[ 0.1164 ft 16.8in

Amount of glass needed: V = %(%) ~ 0.00015 ft3 ~ 0.25in3

51. (a) y = f(x) = 0.0000001953x* — 0.0001804x° + 0.0496x? — 4.8323x + 536.9270
400
(b) Area = f f(x) dx = 131,734.5 square feet
0

~ 3.0 acres

(Answers will vary.)
400
(© L= f V1 + f(x)2 dx = 794.9 feet
0

(Answers will vary.)

b
_ 1. [ =|°_ 1 _ b1 1)?
53. () V—ﬂ'fl dex—[ X]l—rr<l b> (b) SfZWJ;X 1+(—X2) dx
y
b
ﬂ :27Tf1 1+ L dx
24 1 X X
b /x4 +
1+ :Zﬁf X731dx
1 X
1 b

—CONTINUED—
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53. —CONTINUED—

. . 1
© Jmv = jim =l ) - =

55. (a) Areaof circlewithradiusL: A = 77L?
Area of sector with central angle 6 (in radians)

_i _i 2—12
S=5 A= (7l = L%

(d) Since

N V|
T>?=;>00n[1,b]

we have

b 1 b

f My f Inx —Inb

1 X

andblimlnb_.oo. Thus,
I|m2 f Xt +

(b) Let sbethe arc length of the sector, which isthe
circumference of the base of the cone. Here,
s = L6 = 27r, and you have

s=Li2- 10(5) Lo

1
> > 5 5L(27TI’) = 7rL

(c) Thelateral surface area of the frustum is the difference of the large cone and the small one.

S=ar,(L + L,) — ar,L,

= ar,L + wly(r, — 1)

. . L+ L L
By similar triangles, ril == 0 Lry=Ly(r,—ry

2 M
Hence,
S=wr,L + aly(r, — ry) = @r,L + 7lr;

= 7L(r, + r,).
Section 6.5 Work

1. W= Fd = (100)(10) = 1000 ft - Ib

5. Work equals force times distance, W = FD.

9. F(x) = kx
5 = k(4)
5
k=2
7
N = TOUP =T
W—L4de—[8x]o
ngln Ib
= 30.625in - Ib = 255ft - Ib

3. W= Fd = (112)(4) = 448 joules (newton-meters)

7. Since the work equals the area under the force function,
you have (c) < (d) < (a) < (b).

11. F(x) = kx

250 = k(30) [J k=§

50
25 25x2|%0
W= J x)dx—f ?d_ 6}20

= 8750 n - cm = 87.5joulesor Nm
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3 k|2 k
13. F(x) = kx 15.W=18=J kXdX=f] =— [ k=324
0 2 |o 18
20 = k(9) 7/12 7/12
W= f 324x dx = 162x2] = 37.125ft - Ibs
K = 20 1/3 1/3
9 .
Y [Note: 4 inches = 3 foot]
_ |2, _[10,]*_40
W = | 9de_[gx]o_3ﬂ Ib

17. Assume that Earth has a radius of 4000 miles.

k 4100 _ 4100
FO) =5 @ w= w dx = [M] ~ 487.8 mi - tons
4000 X X 4000
- K ~ 5.15 x 10°ft - Ib
4000)?
(4000) 439 80,000,000 .
F(x) = 22000000 ~ 1.47 x 101t - Ib
X2
19. Assume that the earth has a radius of 4000 miles.
k 15,000 15,000
FO) =2 @ W= w dx = [—w] ~ —10,666.667 + 40,000
4000 X X 4000
10=_K = 29,333.333mi - ton
(4000)2
~ 2.93 x 10*mi - ton
k = 160,000,000
~ 3.10 x 1011t - b
FOd = 160,000,000 25000 .
e (b) W= 160,0020,000 = [_ 160,000,000] o 6153846 + 40,000
4000 X X 4000
= 33,846.154 mi - ton
~ 3.38 x 10*mi - ton
~ 357 x 101t - Ib
21. Weight of each layer: 62.4(20) Ay y
Distance: 4 — y Z
4 4 4 _
(@ W= f 62.4(20)(4 — y) dy = [4992y - 624y2] = 2496 ft - Ib 3t ?“‘y
2 2 s
4 4 1+
(b) W= f 62.4(20)(4 — y) dy = [4992y - 624y2] = 9984 ft - Ib o x
0 0 1 2 3 4 5 6

23. Volume of disk: 7(2)2 Ay = 47 Ay
Weight of disk of water: 9800(47) Ay

Distance the disk of water ismoved: 5 —y
4

4
W= J (5 — y)(9800)4 dy = 39,2007 | (5 —y)dy
0 0

y2 4
= 39,20077[5y -~ —2]
0

= 39,20077(12) = 470,4007 newton—meters
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25.

27.

29.

31.

2
Volume of disk: w(%y) Ay

2
Weight of disk: 62.47 (%y) Ay

Distance: 6 — y
W= 4(629.4)7r

Volume of disk: (/36 — y2)* Ay
Weight of disk: 62.47(36 — y?) Ay

Distance: y
6

W= 62.47rf y(36 — y?) dy

0

6
= 62.4’7TJ (36y — y3) dy = 62.47 [18y2 - %y“]

0

= 20,217.67ft - Ib

Volume of layer: V = lwh = 4(2)/(9/4) — y? Ay

Weight of layer: W = 42(8)+/(9/4) — y? Ay

Distance: 1—23 -y

w= [ e viem - (5]

= 336[1—23 LS J(9/4) — y2dy — LS J(9/4) - yzydy]

6 6
f (6 — y)y?dy = 3(62.4)77[2y3 - %y“} = 299527 ft - Ib
0 0

6

0

y
8
Tractor |
Tt
4 13
2 7Y

=
— X
4

The second integral is zero since the integrand is odd and the limits of integration are symmetric to the origin.
Thefirst integral represents the area of a semicircle of radi us%. Thus, the work is

13\ [3Vy(1
W= 336(?)77-(5) (§> = 24577 ft - Ib

Weight of section of chain: 3 Ay
Distance: 15 — y

15
W=3J' (15 — y) dy
0

5

R

= 3375ft-Ib

33. Thelower 5 feet of chain are raised 10 feet with a

constant force.

W, = 3(5)(10) = 1501t - Ib

The top 10 feet of chain are raised with a variable force.

Weight per section: 3 Ay
Distance: 10 — y

10 3 10
= — d === — v)2
wo=3 [ a0 -yay =[-3a0- ]

= 150ft - Ib

W =W, + W, = 300ft - Ib
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35. Weight of section of chain: 3 Ay
Distance: 15 — 2y

75 3 75
W = 3f (15 - 2y)dy = [—7(15 - 2y)2}
0 4 0

= %(15)2 = 168.75ft - Ib

k
39. p= v
k
1000 = >
k = 2000
3 3
W= MdV: [2000In|V|]
0V 2
3
= 2000In<§> ~ 810.93ft - Ib

5
43, W = f 1000[1.8 — In(x + 1)] dx ~ 3249.44ft - Ib
(0]

37. Work to pull up the ball: W, = 500(15) = 7500 ft - Ib
Work to wind up the top 15 feet of cable: forceis variable
Weight per section: 1 Ay
Distance: 15 — x

w= [ = dos -]

= 1125ft-lb
Work to lift the lower 25 feet of cable with a constant force:
W, = (1)(25)(15) = 375ft - Ib
W=W, + W, + W; = 7500 + 112.5 + 375

= 7987.5ft - Ib
k
41. F(X) ZW
1 k k 1]t 1
W= ,2(2—x)2dx_[2—x]_z_k<1_2>

= %((units of work)

5
45. W = f 100x+/125 — x3dx =~ 10,330.3ft - Ib
0

1(7) + 1(8) + 1(12) + 1(15) + 1(18) — 12

1+1+1+1+1

-3

Section 6.6  Moments, Centers of Mass, and Centroids
. _6(-5+3(1)+53 6 .

LX="345 7 3. x=

5 (a)X=(7+5)+(8+5)+(12+55)+(15+5)+(18+5)=17=12+5
(b)y:12(_6_3)+1(_4_3)+6(_2_3)+3(0_3)+11(8_3)=_—99=

12+1+6+3+11

7. 50x = 75(L — X) = 75(10 — X)
50x = 750 — 75x

33

125x = 750
X = 6 feet

9 L 52 +1(-3 +301) _10 y
: B 5+1+3 9 2]
I’le 1

5+ 1) +3(-4 1 ey
y= 5+1+3 9 -3 -2 -1
coy— (0 1 °1
(X1 Y) = ( 9’ 9> :j:
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1 = 3(-2+4-1)+27)+ 10 +6(-3 7 Y
' 3+4+2+1+6 8 m, 6
10 |
C_3(=3+40+21)+10) +60 _ 7 me\ Img @
4 3+4+2+1+6 16 391100 e
7 7 -4 *2_277 2 4 6 8
e - (1) :
(x.y 816 2ty
¢ 16
13 m=pJ ﬁdx—[ px3/2] ?p y
0
4\/)2 % 4 4
M, =p 7(\/;() dXI[pf] =4p 3
2 4
oM, 3\_3 “
y= m _4p(16p> _4 o o (X,Y)
4 . . . X
2 64p
= = Zy5/2 = = 1 2 3 4
M, pJ;J X/ dx [pSX ]0 =
Rt S8 12
m 5 \16p 5
o 12 3
(ny)Z(ng
1 3 471
— 2 _ 3 — L_L] _ P
15 m pfo(x x3) dx p[s a2l 12 y
1 1
— 0+ %3 , 3 _P 4 6 7B[Xj_xl]17£
MX_pJo 5 (x2 = x3) dx 0(x x)dx—25 7o~ 35

y:E:gj %
! o 3 1 s s x4 x5|1 p
My—PJOX(X—X)dX—pL(X—x)dx—p[z—g]o_% )
et _p12) 3
" m 20\p/ 5
oo 312
(X’y):(§’75>
s 3 273
17. m=pJ [(—x2+4x+2)—(x+2)]dx:—p[i+3i] _% )
0 3 2]o 2

F[(—x2+4x+2)+(x+2)

2 ][(—x2+4x+2) — (x + 2)]dx

3 3
= gJ (=x2 + Bx + 4)(—x2 + 3x) dx = BJ (x4 — 8x3 + 11x? + 12x) dx

0 2Jo
p[x 1133 ]3 99 T
=S| -2+ +6x2| =-=—- ; b
2[5 o 5 T S T T
7:&:%@):2
Y= m ™5l "5

3 3 X4
My:pf x[(—x2+4x—2)—(x+2)]dx:pf (—x3+3x2)dx:p[—z+x3] =2

%:@(2>:§
m 4

2
32)
2’5

9
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f xZ3dx = p X5/3] = 96p y
0 5
3 .18 192 T
— 2/3 _P 73| — 24P
f (X ) dx = 2[7X ]0 7 a4t
y= M. _ 192 <i) -0 1 o (%Y
m 7 \96p 7 ‘ )
2 4 é 8
8 3 8
M, = pJ X(x%3) dx = p[7x8/3] = 96p 27
0 8 0
M 5 )
X =)= ~ )=
X m 96p<96p
v - (510
(xy) = (5, 7>
2 y3 2 32p
21, m:2pf(4—y2)dy:2p[4y——] _ 32 ,
0 3o 3

2
— 4_73/2) 2 - [ _ 8. )LST_256P
’V'y*2pf< 5 )4 y)dy=p|16y -3y + Tl =

0

,Z%:256p<i):8
5

= m 32

By symmetry, M, andy = O.

9 - (£.0)

3. m= pf [y —y?) = (= y)]dy—p[sl—ygrzg—;

M, = p [ 1=y iy — oy =2 [y - yarey - ya oy

3 5 3
_P 4 _ 43 2 _P|Y o 2
ZL (y* — 4y® + 3y?) dy 2[5 y +yL 10

w72y
m 10 \9p 5

3 3 473
szpf y[y —y) = (=y)ldy=p (3y2—y3)dy:p[y3—yz] :%
0 0

0
,Zﬂ:ﬂ(z):g
Y="m =29 "2
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3 3
27. A=j (2x+ 4)dx = [X2+4x] =9+12=21
0 0
1 2 ’ 2x3 3
MX:EJ 2x + 4) dx:f (2x2 + 8x + 8) dx =[?+4x2+8x] =18+36+24=178
0 0 0
3 2x3 3
Myzf (2¢ + 4x) dx = [?-FZXZ]O: 18+ 18 =36
0
5
29. m= pf 10x./125 — x3 dx =~ 1033.0p
0
5 —3 5
M, = p J <1OX "1§5X>(10x\/125 —x3) dx = 50p J X2(125 — x3) dx = % ~ 130,208p
0] 0
° 10p (® 12,500./5p
M, = pf 10x2./125 — x3dx = _Tf V125 — x3(=3x?) dx = f ~ 3105.6p
0 0
X = % = 3.0 400
m
— Mx
y= F ~ 126.0 °
-1 6
Therefore, the centroid is (3.0, 126.0). 50
20 1
3. m= pf 53400 — x?dx = 1239.76p 33. A= E(Za)c =ac
—-20
% 53400 — X2 1_1
M, = pJ f(smoo —x2) dx A ac
—-20
0 o_(1\1(¢[(b—-a )2_<b+a_ )2]
:2—2'”[ (400 — x?)2/3 dx ~ 20064.27 X7<ac>2fo [( c y*a c Y3 |y
—-20
1 [°[4ab 4ab
M - = oy I 2
y=—*~1618 2aco[cy czy]dy
[
X = 0 by symmetry. Therefore, the centroid is = i[@w - @yﬂ = i@ abc) =
(0,16.2) 2ac| ¢ 3¢’ Jo 2ac\3
: - ) -
Y= % . y c Y c Y \

= :g[yj_yj]czs
cl2 3clo 3

(xy) = <g g)

BENANE _2[ (%)
(’\ = Oy( Cy+2a)dy—cJ;<y c dy
-25 25

In Exercise 566 of Section P2, you found that (b/3, ¢/3)

is the point of intersection of the medians.

(-a,0) (@0
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c
35 A= E(a + b)
12
A cla+b)
X = 2 be_ax+a)dx: ax2+ax)dx: 2 [b_ax—3+%2]c
c(a+ b)j, ca+ b J, ca+hb| c 3 2 Jo
_ 2 [(b-a)c? acz] 2 [2bc? — 2ac? + Sacz] c(2b + a) _ (a+ 2b)c
ca+b)| 3 2 cla + b)| 6 3a+h 3@+h
o 1 bfa 2. 2a(b — a) 2]
y_c(a+b2j( x+a dx c(a+b)f ) X + a?| dx
_ x3 2a(b — a) x2 5 ]C B 1 [(b — a)%c B ) ]
_c(a+b)[< ) c 2+axo_c(a+b) 3 +aclb - a) + a%
— ; 2 _ 2 — 2
~ @i b [(b? — 2ab + a?)c + 3ac(b — a) + 3a%c]
a? + ab + b?
— 2 _ 2 2 2 = - -
(a+b)[b 2ab + a? + 3ab — 3a? + 3a?] = 3@+ D)
— - _ (la+ 2bc a2+ab+b2)
m“**”f(aa+m’ 3@+ b
. L b—a a (©,2)
The one line passes through (0, a/2) and (c, b/2). It'sequation isy = 2 X + >
. , L a+2b
The other line passes through (0, —b) and (c, a + b). It'sequationisy = ————x — b. ©.0
4
(%, y) isthe point of intersection of these two lines. l_i

37.

39.

X = 0 by symmetry y
1
A—Eﬂab
b
1_2 /—__\
A 7Tab X
—a a
v 21 (b s 2)2
y_wabZJ,a<a a? — x?| dx
1 <b2>[azx_xj]a _L[Lae’]_ib
~ mab\a? 3l-a m®l 3| 37w
< 9) = [0 4P
(9 - (0.5
Vb 2\(h — x2
@ ; D e
1 -/ 2
\ [ [ )
T B 2 2 5]-b
\ ey bf 4b%/b
X 5
-5-4-3-2-1 1 12345
] /b x3] b
A:f (b—x2)dx:[bx—§] r
(b) X = 0 by symmetry P ¥ Y
) (oo L), o
(© My:f X(b — x?) dx = 0 because bx — x3is odd
-Jb y- M bzf/5 §b
dy> 2 since there is more area abovey = gthan below A 4bb/3 5
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41. (a) X = 0 by symmetry

— o [Pt oax = 249 _ 20,0 5560
A=2 L f(x) dx 34) [30 + 4(29) + 2(26) + 4(20) + 0] 3 (278) 3

40 2
M= | "0 = 201302 1 42912 + 2(26)2 + 4(20)2 + 0] = L7216) = 70
o 2 3@) 3 3

M, 72160/3 72160
Y="A T 5560/3 ~ 5560

(x,y) = (0,12.98)
(b) y = (—1.02 x 1075)x4 — 0.0019x2 + 29.28

~12.98

M, 23697.68
©y= A~ 181350 12.85
(X, y) = (0,12.85)
43. Centroids of the given regions: (1, 0) and (3, 0) y
Area A=4+ 7 T

_ 4D+ 73 _4+37m

4+ 7 4+ 1 { @ *

X

40 + 70
o _[(4+37m )
9 = (452 0) ~ 188.0)
. . . 3 15 y
45. Centroids of the given regions: <O, 5)’ (0,5), and <O, 7)

Arex A=15+ 12 + 7 = 34
_ 15(0) + 12(0) + 7(0)

X 2 =0
o _ 15(3/2) + 12(5) + 7(15/2) _ 135 x
y 34 34
w o) = (0 135
(Xv y) - (Ov 34)
47. Centroids of the given regions: (1, 0) and (3, 0) 49. V = 27rA = 27(5)(167) = 16072 =~ 1579.14
Mass. 4 + 27
g = 4(1) + 27(3) _ 2+ 37w
4+ 27 2+
y=0
oy _ (2437 )
(%y) = (2+ 7T,o) ~ (2.22,0)
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51.

53.

57.

59.

1
A= =8

<%>%f: (4+x@4-xdx = 1—16[16x - Xg]: = g

I
Y=3

r

V = 27rA = 277(%)(8) = &3877 ~ 134.04

m=m +---+m

My = mx + -+ mx,

Mx:nhy1+"'+wyn
M M,

Yy = —X

x=—
m m

The surface area of the sphereis S = 47rr2 The arc length
of Ciss = =r. The distance traveled by the centroid is

_S_ 4r2
S mr

d

4r.
This distance is a so the circumference of the circle of
radiusy.

d= 2wy

Thus, 27y = 4r and we havey = 2r /. Therefore, the
centroid of the semicircley = /r? — x2is (0, 2r/m).

1
Xn+11 1
A= | xdx= =
LXdX [nJrJo n+1

. A__P
m=pA=111
1 2n+1 1
_P | ymegy 2. X ]: p
M 2L(X)dx [2 2n+1jo 2@n+1)
1
Xn+21 p
= n = . =
My pfox(x)dx [p n+2]o n+2
My, n+1
X=—"=
m n+2
.M n+1 _n+1
Y " mT22n+1D 4n+2
(n+1n+1
Centroid: <n+2’4n+2)

Asn - oo, (7(, y) — (1, %)

The graph approaches the x-axis and thelinex = 1 asn - oo.

55.

(@ Yes. (x,y) = (2,1—58 + 2)
(b) Yes. (x,y) = (g +2

© Yes. (x,y) = (

(d) No.

5 5

6 18
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Section 6.7  Fluid Pressure and Fluid Force

1. F = PA = [62.4(5)](3) = 936 Ib

5 h(y) =3-y
L(y) =4

F =624 f (3 -y)(4) dy
= 249.6 fg (3—y)dy

VaE
= 249.6[3y - E] = 112321b
0

y

9. hyy=4-y
L(y) = 2Jy

4

F = 2(62.4) f (4 —y)Jydy

0

4
= 1248 f (4y¥2 — y¥2) dy
0

3/2 5/2714
= 124.8[83’— - zy—] = 1064.96 Ib
3 5 Jo

y

-2 -1 1 2

3. F = 62.4(h + 2)(6) — (62.4)(h)(6)
= 62.4(2)(6) = 748.81b
7. h(yy=3-y

L(y) = 2(% + 1>

F = 2(62.4) f (3- y)(% + 1> dy

3 2
= 124.8J (3 - y—) dy
. 3

VaE
= 124.8[3y - E] = 748.81b
0

X

11 h(y) =4 -y
L(y) =2

2

F= 9800f 2(4 — y) dy

0

2
= 9800[8y - yz]o = 117,600 Newtons

I I
t t
-2 -1 1 2
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13. hy)y =12 -y 15. hy) =2—-y
Ly =62 Ly =10

2
F = 9800 F (12 - y)<6 - %’) dy F 140-7L (2 - y)(10) dy

2

379 1407 2—-vyd

= 9800[72y — 7y + %] = 2,381,400 Newtons fo @-vay
0

<
Il

y2|2
1407[2y - E]o = 28141b

y

17. h(y) =4 -y 19. h(y) = -y
e Ly = 2(3)ve = a7
F= 140.7f (4 — y)(6) dy 0
o F=@f (—y)V9 - 4y2dy
4 —-3/2
= 844.2 —yd
e ~2[" (o apeeyay
- 844.2[4y - %2]4 = 6753.61b 2; 3/22 0
0 = |:<Z>(§)(9 — 4y2)3/2] a2 =9451b

y

21. h(y) =k — Yy y
L(y) = 27—y

water level

F= Wf (k—y)Vr2 —y2(2)dy

=w[2kfr \/rz—yzdy+jr \/rz—yz(—Zy)dy]

The second integral is zero since its integrand is odd and the limits of integration are symmetric to the origin. The first integral
isthe area of a semicircle with radiusr.

2
F= W[(Zk)% + O] = wkrrr?
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23. h(y) =k—-y
L(y) = b

h/2
F= WJ (k — y)bdy

—h/2

2|2
= Wb[ky - ] = wb(hk) = wkhb

E —h/2
y
__________ water level
h
2
D D X
2 2
h
2
27. h(y) =4 —y

4
F:&AJ(4—WUWW
0

Using Simpson’s Rule with n = 8 we have:

4-0

25. From Exercise 22:
F = 64(15)(1)(1) = 960 Ib

F~&4G—ﬁm+46W$+ZM®+4@M&+ZM®+MHMQ+ZDWMQ+4MWNQ+M

3(8)
= 3010.81b

29. h(y) =12 -y
L(y) = 2(42/5 — y?/3)32

4
F= 62.4f 2(12 — y)(42/3 — y2/3)3/2 dy
0

~ 6448.73 b

d
33. F=Fw= WJ h(y)L(y) dy, see page 471.

c

31. (a) If thefluid forceisone half of 1123.2 Ib, and the height
of the water is b, then

hy) =b -y
L(y) =4

F=&4f®—WMMy=;HBQ

b
f (b—ydy=225
0
.
[by 2]0 2.25

2
b? — % =225

b? =450 b= 212ft

(b) The pressure increases with increasing depth.



