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Question 3
A test plane flies in a straight line with t (min) 0 s 110l15(2025130]35]40
positive velocity v{¢), in miles per (1) (mpm) | 70|92 95]|70{45|24|24]43]73

minute at time ¢ minutes, where v isa
differentiable function of ¢. Selected

values of v(r) for 0 < 1 < 40 are shown in the table above.

(a) Use a midpoint Riemann sum with four subintervals of equal length and values from the table to

approximate _.Mo v(1) dt. Show the computations that lead to your answer. Using correct units,
40 .
explain the meaning of .-.o v(t) dt in terms of the plane’s flight.

(b) Based on the values in the table, what is the smallest number of instances at which the acceleration
of the plane could equal zero on the open interval 0 < 1 < 40? Justify your answer.

(c) The function £, defined by /(1) =6+ SmA_FoV +3sin m& is used to model the velocity of the
plane, in miles per minute, for 0 < ¢ < 40. According to this model, what is the acceleration of the
plane at ¢ = 23 7 Indicates units of measure.

(d) According to the model £, given in part (c), what is the average velocity of the plane, in miles per
minute, over the time interval 0 < ¢ < 407

(a) Midpoint Riemann sum is 1:v(5)+ v(15) + v(25) + v(35)

10-[v(5) + v(15) + v(25) + ¥(35)] 3:4 1:answer
=10-{92+ 7.0+ 24 +4.3] =229 1 : meaning with units
The integral gives the total distance in miles that the
plane flies during the 40 minutes.

(b) By the Mean Value Theorem, v'(f) = 0 somewhere in 2 A 1 : two instances
the interval (0, 15) and somewhere in the interval " | 1: justification
(25, 30). Therefore the acceleration will equal 0 for at
least two values of 2.

(c) -~ f7(23) = —0.407 or ~0.408 miles per minute? 1: answer with units

. 1 pe0 1: limits
= /]

(d) Average velocity %0 ._.e f()d I integrand

= 5.916 miles per minute 1: answer
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Question 3
A blood vessel is 360 millimeters (mm) long Distance : -
with circular cross sections of varying diameter.  (mm) 0 60 | 120 | 180 | 240 | 300 | 360
Diameter

The table above gives the measurements of the

B(z) (mm)

24 30 28 30 26 24 26

diameter of the blood vessel at selected points

along the length of the blood vessel, where z represents the distance from one end of the blood vessel and

B(z) is a twice-differentiable function that represents the diameter at that point.

(a) Write an integral expression in terms of B(z) that represents the average radius, in mm, of the
blood vessel between z = 0 and z = 360.

(b) Approximate the value of your answer from part (a) using the data from the table and a midpoint

Riemann sum with three subintervals of equal length. Show the computations that lead to your answer.
275

(c) Using correct units, cxplain the meaning of # ,\
125

(d) Explain why there must be at least one value z, for 0 < z < 360, such that B"(x) = 0.

B\ .
e dz in terms of the blood vessel.

@) F.\&% B(z) dz ). 1 : limits and constané-
360 2 1 : integrand

1: B(60) + B(180) + B(300)

{b) Pso_mas mmme+mao9:n

Y 2:
360 2 2 2 1 : answer
1
—=[60(30 4)] =
mmoﬁ (30 4+ 30 +24)] = 14
} 2 . . 3
(c) ah% is the radius, so :HWMG.VW is the area of L: volume in mm

2: 1 1:between z = 125 and

th ecti .. N
e cross section at z. The expression is the z =275

volume in mm?® of the blood vessel between 125

mm and 275 mm from the end of the vessel.

(d

fand

By the MVT, B'(c;) = 0 for some ¢ in
(60, 180) and B'(c;) = 0 for some ¢, in
(240, 360). The MVT applied to B'(z) shows 3:

that B”(z) = 0 for some z in the interval

)

2 : explains why there are two
values of z where B'(z) has
the same value

1: explains why that means

B"(z) = 0 for 0 < 2 < 360

Note: max 1/3 if only explains why
B'(z) = 0 at some z in (0, 360).
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Question 5§

‘
(minutes)

(o 57| 40 | 201 121 06| 0s
(feet per minute)

0 2 5 7 11 12

The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the

balloon, in feet, is modeled by a twice-differentiable function » of time 1, where ¢ is measured in minutes.

For 0 <t < 12, the graph of r is concave down. The table above gives selected values of the rate of change,

r(t), of the radius of the balloon over the time interval 0 < 1 < 12. The radius of the balloon is 30 feet when
4

t = 5. (Note: The volume of a sphere of radius r is given by V' = waww.v

(a) Estimate the radius of the balloon when = 5.4 using the tangent line approximation at ¢ = 5. Is your
estimate greater than or less than the true value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of

measure.
(c) Use aright Riemann sum with the five subintervals indicated by the data in the table to approximate
12 . .
.ﬂ_N\Cv dt. Using comrect units, explain the meaning of _.e r(t) dt in terms of the radius of the
o
balloon.
12 .
(d) Is your approximation in part (c) greater than or less than ._.o r'(t) dr 7 Give a reason for your answer.
(@) r(5.4) =r(5)+r(5)Ar =30+ 2(0.4) =308 ft 2 ﬁ 1 : estimate
Since the graph of r is concave down on the interval 1 : conclusion with reason
5 <t < 5.4, this estimate is greater than r(5.4).
v _ (8,2 dr 2. 4
® |uAuV3 dt 3: dt
1 : answer
AL . 4230)? 2 = 72007 £/ min
dt {5
© [ de =2(40) +3(20) +2(12) + 4(0.6) +105) | | ﬂ 1 : approximation
‘ | 1: explanation

=193 ft
.nN #(¢) dt is the change in the radius, in feet, from
£ =0 to { =12 minutes.

: conclusion with reason

(d) Since  is concave down, r* is decreasing on 0 < ¢ < 12.
Therefore, this approximation, 19.3 fi, is less than

[Pra

Units of f*/min in part (b) and ft in part (c) : units in (b) and (c)
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Question 2
t (hours) [\} 1 3 4 7 8 9
L(r) (people) | 120 | 156 | 176 | 126 | 150 | 80 0

Concert tickets went on sale atnoon (¢ = 0) and were sold out within 9 hours. The number of people waiting in
line to purchase tickets at time ¢ is modeled by a twice-differentiable function L for 0 < ¢ £ 9. Values of L{t) at

various times ¢ are shown in the table above.

(2) Use the data in the table to estimate the rate at which the number of people waiting in line was changing at
5:30 P.M. (¢ = 5.5). Show the computations that lead to your answer. Indicate units of measure.

(b) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line during

the first 4 hours that tickets were on sale.

(c) For 0 <1 <9, what is the fewest number of times at which L’(¢) must equat 0 ? Give a reason for your answer.

(d) The rate at which tickets were sold for 0 < ¢ < 9 is modeled by »(¢) = 550te7/? tickets per bour. Based on the
model, how many tickets were sold by 3 P.M. (z = 3), to the nearest whole number?

(55 = L(7)-L(4) _ 150126

@ 7-42 3

~

= 8 people per hour

(b) The average number of people waiting in line during the first 4 hours is
approximately

LHOLL0 g HOLEO LU )

4 2
= 155.25 people :

(c) L is differentiable on {0, 9] so the Mean Value Theorem implies
L'(¢) > 0 for some ¢ in (1,3) and some  in (4, 7). Similarly,
L'(t) < 0 for some ¢ in (3, 4) and some ¢ in (7, 8). Then, since L’ is
continuous on [0, 9], the Intermediate Value Theorem implies that
L'(¢) = 0 for at least three values of ¢ in {0,9].

OR

The continuity of L on [i, 4] implies that L attains a maximum value
there. Since L(3) > L(1) and L(3) > L(4), this maximum occurs on
{1, 4). Similarly, L attains a minimum on (3, 7) and a maximum on
(4,8). L is differentiable, so L'(¢) = 0 at cach relative extreme point
on (0,9). Therefore L'(z) = O for at least three values of ¢ in ]0, 9}.

[Note: There is a function L that satisfies the given conditions with
L'(¢) = 0 for exactly three values of 1.}

@ mgc dr = 972.784

There were approximately 973 tickets sold by 3 P.M.

© 2008 The Cotiege Board. All rights reserved.

|
.|

3:

1 : estimate

1 : units

1 : trapezoidal sum
1 : answer

1 : considers change in
signof L’

1 : analysis

1 : conclusion

OR

3:

|

1 : considers relative extrema
of L on (0, 9)

1 : analysis

1 : conclusion

1 : integrand
1 : limits and answer
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Question 2

For time ¢ 2 0 hours, let r(1) = _NOT - m.«:.mv represent the speed, in kilometers per hour, at which a
Or hink =z ) ) .
i ¢ ters is
car travels along a straight road. The number of liters of gasoline used by the car to travel v kilometers
_x]2
modeied by g{(x) = o.omxT -e” v

i 1 during the first 2 hours?
a) How many kilometers does the car travel . . .
Mvw Find the rate of change with respect to time of the number of liters of gasoline used by the car when
¢ = 2 hours. Indicate units of measure.

(c) How many liters of gasoline have been used by the car when it reaches a speed of 80 kilometers per

hour?

ﬁ 1 : integral
2:
1 : answer

(a) .—le dr = 206.370 kilometers
o

: hain rule
d; dg dx, dx _ f2:usesc i )
®) Iamﬂ & A dr o 35 1 : answer with units
dgl _ mm# r(2)
di|,, i 06370

= (0.050)(120) = 6 liters/hour

1 : equation r{t) = 80
i i g d reaches
¢) Let T be the time at which the car’s spee: . - o
© 80 kilometers per hour. 4: 4 2 distance mteg

i : answer

Then, r(T) =80 or T = 0331453 hours.

Attime T, the car has gone
x(T)= .—ﬂl& dr = 10.794097 kilometers
o

and has consumed g{x(T)) = 0.537 liters of gasoline.

£ 2008 The College Board. All rights reserved
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Question 3

Distance from the
river’s edge (feet) 0 8 14 2 24

Depth of the water QOB 0 7 ; H] 2 t

A scientist measures the depth of the Doe River at Picnic Point. The river is 24 feet wide at this location.
The measurements are taken in a straight line perpendicular to the edge of the river. The data are shown
in the table above. The velocity of the water at Picnic Point, in feet per minute, is modeled by

v(t) = 16 + 2sin(7 + 10) for 0 <7 < 120 minutes.

() Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
area of the cross section of the river at Picnic Point, in square feet. Show the computations that lead
10 your answer.

(b) The volumetric flow at a location along the river is the product of the cross-sectional area and the
velocity of the water at that location. Use your approximation from part (a) to estimate the average

value of the volumetric flow at Picnic Point, in cubic feet per minute, from £ = 0 to ¢ = 120
minutes.

24

water, in feet, at Picnic Point x feet from the river’s edge. Find the area of the cross section of the
river at Picnic Point based on this model.

(c) The scientist proposes the function J, givenby f(x) = 8sin A mv. as a model for the depth of the
-

[G)

=

Recall that the volumetric flow is the product of the cross-sectional area and the velocity of the water
ata focation. To prevent flooding, water must be diverted if the average value of the volumetric flow
at Picnic Point exceeds 2100 cubic feet per minute for a 20-minute period. Using your answer from
part (c), find the average value of the volumetric flow during the time inferval 40 < ¢ < 60 minutes.
Does this value indicate that the water must be diverted?

-
0+7 7+8 8+2 2+0 . L
(a) Alnew -8+ { -6 4 m'wllv -8+ A||er~ -2 1 : trapezoidal approximation
=115 fi
1 120 ..
(b) 126 _.c 115v(¢t) dt 1 : limits and average value
3/ . constant
= 1807.169 or 1807.170 £*/ min g
1 : integrand
1 : answer
2 \ i
© mmiﬁw dr = 122.230 or 122231 g, [ 1 integral
0 24 I :answer
(d) Let C be the cross-sectional area approximation from 1 : volumetric flow integral
part (c). The average volumetric flow is 3:4 1:average volumetric flow
60
25 [ Cv(e) di = 2181912 or 2181913 &/ min. I : answer with reason
20 Jao
Yes, water must be diverted since the average volumetric flow
for this 20-minute period exceeds 2100 mm\ min.
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Question 5
Consider the curve given by 3% = 2 + xy.
d__y
(a) Show that o 5
(b) Find all points (x, y) on the curve where the line tangent to the curve has slope W

(c¢) Show that there are no points (x, y) on the curve where the line tangent to the curve is horizontal,

(d) Let x and y be functions of time ¢ that are related by the equation EN =2+ xy. Attime ¢ = 5, the

value of y is 3 and Mu\l‘ = 6. Find the value o»m attime ¢ = 5.
(@ 2y =y+xy , . [ 1:implicit differentiation
Q@y-x)y' =y "1 1: solves for y’
ro Y
Y= 2y~ x
Ly 1 T |
®) 2y—x 2 2: T2y-x 2
2y=2y-x 1: answer
x=0
y= +2
(0,2}, {0, ~2)
S A l:y=0
© 3% 0 2. y .
1 : explanation
y=0

The curve has no horizontal tangent since
02 %2+ x0 for any x.

—_

(d) When y =3, ¥ =243xs0x= W solves for x

d Ay by d 3:4 1 chainile
dt dx di 2y —-x dr 1: answer
= -3 & _9 &
Atr=s 6=—2_ & 2 &
61
3
& 2
&N.nu 3
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Question 5

Let f be a function with f(4) = I such that all points (x, y) on the graph of f satisfy the differential equation

W = 2y(3 - x).
Let g be a function with g(4) = 1 such that all points (x, y) on the graph of g satisfy the logistic differential
equation

mw =2y(3~y).

(a) Find y = f(x).
(b) Given that g(4) = 1, find lim g(x) and lim g’(x). (Itis not necessary to solve for g(x} or to show how
x—yoo X300
you arrived at your answers.)

(c) For what value of y does the graph of g have a point of inflection? Find the slope of the graph of g at the
point of inflection. (It is not necessary to solve for g(x).)

(a) W_\ =2y(3-x) 1 : separates variables...
1 1: antiderivatives
¥ dy =2(3-x)dx 5: 4 1:constant of integration
n]y| = 6x - 2ec 1 : uses initial condition
0-24_16+C I : solution
Cc=-8 .
Infy|=6x x> -8 Note: max 2/5 [1-1-0-0-0] if no
. constant of integration
y=e 8 for o< x <00 Note: 0/5 if no separation of variables
(b) lim g(x)=3 1: lim g(x) =3
x—yoo 2. x—3oe
1: lim g'(x)=0
lim g'(x) =0 =
x—o0

dry dy 1iy=3
@ SF=6-mg |
1
Because Mx_lh # 0 at any point on the graph of g, the dx y=3/2

concavity only changes sign at y = Wu half the carrying

capacity.

d)
2], -3
y=3/2 2 2
© 2006 The College Board. All rights reserved
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Question 6

Consider the logistic differential equati mw..umau.,__. Let y = (1) be the particular solution to the

differential equation with f(0) = 8. .

(a) A slope field for this differential equation is given below. Skeich possible wnnnn nu
solution curves through the points (3, 2) and (0, 8). Vi
(Note: Use the axes provided in the exam booklet.) .n,.. u.;.uu- e

(b) Use Euler's method, starting at = 0 with two steps of equal size, to “. nmnmn““““nnn

e /(1) 2 Ay
e ial fc about 1 =0, and use it .\J PEE IR RIS
(c) Write the second-degree Taylor polynomial for J h e DAL 4

to approximate f(1).

l \

-
(d) What is the range of f for r 207
'y » 1+ solution curve through (0,8)
® i = ﬂ 1: solution curve through (3,2
\
_/.—
........u
< 14
/24
< 4
N U P O UL
1 (= [ 1+ Euler’s method with two steps
i ;mg.wl H_E ! H.Thﬁanimsaﬁ::
7)1} _ 105
::._q;;m:mu| 16
© L2t 6-n§(-7) R P
13 : :
dy molmvnnm,nﬂ_ _.unnau__umnnqan aylor polynomia
[0=3 ﬁ._ouna ..._naﬁ ! 1 : approximation of (1)
2 8 5
=2 =3 +g@=3
dt =0
The second-degree Taylor polynomial for f about
(= 0is A1) =8-2+3F.
fm=rm=2
(d) Therangeof ffort20is6< y<8. 1 : answer

© 2008 The Coliege Board. All rights reserved
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Question 5

A coffeepot has the shape of a cylinder with radius 5 inches, as shown in the figure
above. Let b be the depth of the coffee in the pot, measured in inches, where §i is a —din
function of time ¢, measured in seconds. The volume V' of colfee in the pot is

changing at the rate of =57k eubic inches per second. (The volute V of a cylinder

with radius r and height & is V = 7rh) /{l\ T
dh vk .

(8) Show that — = ===,

dt b
(b} Given that h = 17 at time ¢ = 0, solve the differential equation M% == .c.mm for A
hoas a function of ¢ mrmea
() Av what time ¢ is the colfeepot emply? /.I.Ill\\ T
(a) V = 25mh s * stagifh
dv. _ . dh 3. T odv
o = 25w Tl xR I : computes s i
dh =5adE Jh I : shows result
T T/r s
(b) dh R 1 : separates variables
dt G 1 : antiderivatives
" 1 1 : constant of integration
TRk =gt %51 1+ uses initial condition h = 17
when t =0
ucﬂnlr+ﬁ 1: solves for h
5
WVIT =04
E Note: max 2/5 [1-1-0-0-0] if no constant
1 2 of integration
i T_Iah + ,ﬂ_
Note: 0/5 if no separation of variables
1 7
(¢) TH?T.%J =0 1 : answer
t = 10417
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