Separable Differential Equations — Growth and Decay
Separable or not?

Which of the following differential equations are separable? (Y/N). Please put answers on this sheet. If
separable, show the separation but do NOT solve!

a) __ y =xy b)  y =xty ¢y =In(xy)

d) y’ = yelsinx+ cosy) e) y’ = In(xY) f) _y =ysinx +xy
. s Xy +

gy =sin(xy) h_y="

2X —3xy

Solving separable differential equations:

Ex. The slope of the curve at any x is ;—x If the point (1,2) is on the solutions curve. Find the equation of the curve.

2"

Ex. 4xy’=cos’y Find the particular solution if (3,0) on solutions curve.

Ex. xy+y’ = 100x Find the general solution



Verifying solutions:

Ex. Verify whether or not y = x2* — 4x? is a solution of the differential equation xy’ — 2y = x3¢*

Applications:

Ex. The rate of growth of the population in a town is proportional to the population. If there were 1000 people in 1980
and 1200 people in 1982, find:

a) Set up and solve the differential equation to determine the population at time t (let t = # of years after
1980)

b) The population in 1990.

Ex. The rate of voltage draining is proportional to the voltage across the terminals. If initially there are 500 volts and
after 10 seconds there are 400 volts, find:

a) Set up and solve the differential equation to determine the # of volts, V, after t seconds.

b) How long it will take the voltage to drop to 10% of its original value.



Ex. In processing raw sugar, the rate of change of the amount of raw sugar is proportional to the amount of raw sugar
remaining. Set up and solve a differential equation to determine the amount of raw sugar, S, at time t. If 1000 kg of
raw sugar reduces to 800 kg of sugar during the first 10 minutes, what is the half life?

Ex. The rate of change of the number of wolves W(t) in a population is directly proportional to 700 — W, where t is the
time in years. When t =0, the population is 400, and when t = 2 the population has increased to 500. Set up and solve
the differential equation to determine the population of wolves at time t and then use this to determine the number of

wolves at t = 3 years.

Ex. The rate of change of w with respect to t is inversely proportional to the cube of t. Determine an equation for w in

terms of t.

Ex. The rate of change of w with respect to t varies jointly with t and 20 — w. Determine an equation for w in terms of t.



Logistic differential equations : M = carrying capacity (limit to growth)

Graph:
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KNOW logistic when of the form: i kP (1 M) or — = MP(M P)

*xx |im P(t) = M
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*** Max growth rate occurs at P = 5
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Ex. Given = = .02P (1 50).

What is tlim P(t)? At what population does the max growth rate occur?
—00

Ex. Given % = .005P(300 — P)

What is tlim P(t)? At what population does the max growth rate occur?
—00

. ap _ _ P
Ex. Given P .08P (4 50).

What is tlim P(t)? At what population does the max growth rate occur?
—00

Ex. A certain wild animal preserve can support no more than a certain number of gorillas. Thirty gorillas were
known to be in the preserve in 1980. Assume that the rate of growth of the population is
dP/dt = 0.0004P(600-3P), where t is in years.

a) At what population of the gorillas will the growth rate be greatest?

b) Determine !im P(t).

To “solve” a logistic differential equation, you need to use an integration method called Partial Fractions. We will learn
this method early in BC.. ..



